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Miraculous Cancellation in SMEFT

e Full 59X59 anomalous dimension matrix O =non-zeto

of dimension-6 operators

X=no diagram
—non-trivial zero
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F? X X X X X X X X
F?¢? X X X X X
Fi?¢ X X X
T X X X X X X X y> X
v’ y X
F? X X X X X X X X X
F?¢? X X X X X
Fi)p?¢ X X X
1;4 X X X X X X X 72 X X
Y?¢’ x
2 X Tk X y? X X X
D .
¢* D? X X X X
P° X X X X X
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Miraculous Cancellation in SMEFT

* Holomorphy WithOU.t SUPCISYII]IIICU‘YP L1 =non-zero

X=no diagram
W =non-trivial zero
/Y’L] F? F?¢* Fy’¢p o* °¢°| F° F 1) V2o° |2 pd®D ¢*D?

-
o

X

X
X X X X X X X X |X X X X X

O; = Of Pve*D

Alonso, Jenkins, Manohar, Trott: 1409.0868
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Miraculous Cancellation in SMEFT

° Holomorphy WithOU.t SU.pCI‘ symmetry? [l =non-zero
- X=no diagram
" and o'D? W =non-trivial zero
Q, (plp)? 0, = of
T T J
/y . .| 3 p? Qe (¢ 90)'?(90 #) D2 | 9202 pd?D $AD? ¢
/L] Qe (90TDM90) (SOTDMSO)
F3 X X X X
O; F¢° x x
F;fj¢ V2 X 2 X X
et Qew (l_pOWeT)TIngJV ' X
Y Qs | (hoe)pBu L
‘ FIL2¢ Qua (ijU/WTAur)& Gﬁy X X
4 —2
OZ 1;15¢3 . g QuW (q_po-wjur)TIgEWp{V . * . * i
_1;2’%2 X QuB (q_pO'/WUr%AD/ B;w X y2 X X X
O; = 0] W97 Quc | (@Go"TAd)p G2, : x i
¢ Qaw | (gotd. )T oW}, x x x
Oun (@,0"d,) By, Alonso, Jenkins, Manohar, Trott: 1409.0868
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Theory space

1

EFTs: massless theories with marginal interactions,
deformed by irrelevant operators of the same dimension.

L=Lij—s+ ), ¢0;
- /\ﬁ /—/\ \

massless particles with higher dimensional operators of
marginal interactions the same mass dimension

\_ ) - J

Operator mixing at 1—loop: (47)2 dlog ) — Z Yii Cj
J

Suitable for the anomalous dimension of SMEFT.

No assumption on matter content or gauge symmetties!



Independent Basis of Operators

» Field Redefinitions < Equations of Motion:

6 &+ 500

1 1

)
- Independent basis: no operators related by EoM

- Applying equations of motion at loop level

» local operator from non-local diagram!

202 228 ol D, Fl] 225 dotipipo,i)
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Off-shell Lagrangian v.s. On-shell Amplitudes

»  Off-shell Lagrangian: unphysical, e.g., gauge choice and

field redefinition

* On-shell amplitudes: all physical information!

» Use multiplicity & helicity; factorization & unitarity
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Off-shell Lagrangian v.s. On-shell Amplitudes

»  Off-shell Lagrangian: unphysical, e.g., gauge choice and

field redefinition

* On-shell amplitudes: all physical information!

» Use multiplicity & helicity; factorization & unitarity

/vi Bern:

On-shell: Good

Oft-shell: Bad
TASI 2014
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Off-shell Lagrangian v.s. On-shell Amplitudes

Off-shell On-shell

Higher dimensional operator O; Contact amplitude A; with O; insertion

Anomalous dimension 7Vij UV divergence of
’ the loop amplitude A;OOP from O; .
Full amplitudes

Field redefinitions/Equations of motion including non-1PI diagrams

Non-renormalization UV finiteness of loop amplitudes
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Detinition ot Weights

Weight/Anti-weight for an amplitude

w(A) = n(A) — h(A), W(A) = n(A) + h(A)

» n(A): total number of particles; h(A): sum over helicities

»+  Weight/ Anti-weight for an operator

w(O) = min{w(A)}, w(O) = min{w(A)}

»  Minimum weights for all contact amplitudes with this operator (D

»  Weights of amplitudes are greater or equal to (D (to be proven...)
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Weights 101

* Physical: free from field redefinition/gauge choice
» Non-negative: (w,w) >0  (n = h for spin < 1 theories)

- In practice, sum over each field component in an operator

O F.p Ya ¢ Va F,;
h +1 +1/2 0 —1/2 —1
(w,@) | (0,2) (1/2,372) (1,1) (3/2,1/2) (2,0)

» Using spinor indices: e.g. Faaﬁﬁ' = Fap€sp + Fdﬁ-ea[g
» Covariant derivative D does not contribute (Z.e. taking D=0)

» Example: F? — (0,6), Y¢?D — (4,4)

» same as k-charge in N=4 sYM.
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New Non-renormalization Theorems

* An operator O; CANNOT renormalize operator O; at
1-loop if O; has higher weight or anti-weight than O;.

/Vij:O if w; <w; or w; < w;,

only violated by non-holomorphic Yukawa interactions.

» The direction of RG has to go positive (non-negative)
in weights and anti-weights.



S

p—
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Positivity in RG Running

dimension 5

F26
Fp?

p?¢

¢5

dimension 6

6 F3 F¢2¢ ¢2¢3 ¢6
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Three-point Amplitudes

Universal formula for massless particles
[Benincasa & Cachazo,0705.4305]

(12)™(23)"(31)™, > .h; <0 (MHV)

A(1M2h23h3) = ¢ {
[12]"2 23] [31]2, S h; >0 (MHV)

hd

_ittle group+dimensional analysis
(w3, w3) = (4 —g],2 + [g]), 2+ [g],4 = [g])

_ower bound for marginal interactions:

hd

w3, Wz > 2
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Four-point Amplitudes

* Most of w < 4 amplitudes vanish
» w = 1,3 : no diagram

» w = 0,2 : have diagrams, but vanish on-shell,

e.g., all-plus/all-but-one plus gluon amplitudes

- Lower bound for four-point amplitudes:

Wy, Wy > 4

modulo b "
*  Exceptional amplitude A(¥ Ty FyTyT): w =2
» Non-holomorphic Yukawa: ¥°¢ + ¢

Y (&
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Tree Rule

 Approach factorization limit of an amplitude

N

W; = Wi + Wi — 2
Tree rule: ¢ —* 7/ g
W; = W; + Wk — 2
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General Tree Amplitudes

» Factorize higher point amplitudes with renormalizable
interactions: wsg > 2, wy >4 & wW; = W; + Wi — 2

5pt — 3pt X 4—pt: (w5,w5) > (4, 4) .o

2 n=3
= ,
WnyWn = {4, n >3

* modulo exceptional amplitudes with w,, or w, = 2

from non—holomorphic Yukawa interactions.
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General Tree Amplitudes

» TFactorize an amplitude built from a single insertion higher

dimensional operator: higher dim’l operator X renormalizable

* Contact amplitudes have minimal weights among all

amplitudes with the same operator insertion.
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Anomalous Dimensions and L.oop Amplitudes

- Anomalous dimension v.s. loop correction to A4; from O;
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Generalized Unitarity

“Cut” = locate internal propagators on-shell

L S0 5+ (72)

02 4¢
» This breaks 1-loop amplitudes into products of tree
amplitudes
Al.oop
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One-loop Rule

» Selection rule via masstve two-cut on a 1-loop amplitude

n; =n; +ng —4
hi; = hj + hy

One-Loop rule: < _: _ _




RadCor-Loopfest

Non-renormalization Theorems (?)

* 1-loop rule+
lower bound on tree:

w; = w;j + wg — 4
W; =W, + Wy — 4

»  Masstve two-cut 1s non-trivial only it the operators satisty

w; >U}j and W; > W ;

» Necessary for massive bubble/triangle/box integrals.

»  Finite 1-loop amplitude in dimensional regularization.

W; < W; or w; < Wy

“Non-renormalization?”’
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Massless Bubbles

+ Known result: find QCD beta function if stop here.

[Dixon; Arkani-Hamed, Cachazo, and Kaplan 0808.1446; Huang, McGady, Peng 1205.5600]

» Scaleless massless bubble integrals vanish in dimensional
regularization as UV-IR cancellation.

[2(]?2 _ O) _ ﬁ ( 1 1 ) EUVZGIR> 0

CUv €IR

- Massless bubbles DO contribute to UV divergence
despite being invisible under unitarity cut!
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Massless Bubbles

+ Known result: find (-1)XQCD beta function if stop here.

[Dixon; Arkani-Hamed, Cachazo, and Kaplan 0808.1446; Huang, McGady, Peng 1205.5600]

» Scaleless massless bubble integrals vanish in dimensional
regularization as UV-IR cancellation.

[2(]?2 _ O) _ ﬁ ( 1 1 ) EUVZGIR> 0

CUv €IR

- Massless bubbles DO contribute to UV divergence
despite being invisible under unitarity cut!
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Weightlifting from IR to UV

Kinoshita-Iee-Nauenberg (KILLN) Theorem:

» IR divergence in (1-loop) virtual correction is cancelled by inclusive sum
over (a single) unresolved final state(s)l—cross section level statement.

=—IR virtual div.

=+]R real div.
(KLLN)

real real
\ Az’—m” Aj —1/ /
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Weightlifting from IR to UV

Kinoshita-Iee-Nauenberg (KILLN) Theorem:

» IR divergence in (1-loop) virtual correction is cancelled by inclusive sum
over (a single) unresolved final state(s)l—cross section level statement.

Focus on w; < wj, divergence only from massless bubbles

UV diw. ——IR virtual divv. = =+IR real div.
(massless bubble) (KLN)

—
%
S
<,
S
—
X%
/

—
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~——_
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=
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S
~——_
—
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Weightlifting from IR to UV

Kinoshita-Iee-Nauenberg (KILLN) Theorem:

» IR divergence in (1-loop) virtual correction is cancelled by inclusive sum
over (a single) unresolved final state(s)l—cross section level statement.

Focus on w; < wj, divergence only from massless bubbles

UVdiv.  =-IR virtual diw. el
(massless bubble) (KLN)
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/
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Weightlifting from IR to UV

Kinoshita-Iee-Nauenberg (KILLN) Theorem:

» IR divergence in (1-loop) virtual correction is cancelled by inclusive sum
over (a single) unresolved final state(s)l—cross section level statement.

Focus on w; < wj, divergence only from massless bubbles

loo rea rea
\ A /\ AP / \ Az’—)i” Aj—>1'é’ /
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Weightlifting from IR to UV

Kinoshita-Iee-Nauenberg (KILLN) Theorem:

» IR divergence in (1-loop) virtual correction is cancelled by inclusive sum
over (a single) unresolved final state(s)l—cross section level statement.

Focus on w; < wj, divergence only from massless bubbles

loo rea rea
\ A /\ AP / \ Az’—)i” Aj—>1'é’ /



Soft-Collinear Singularity

» Singular terms also factorized universally

: : 1 1
» soft/collinear behavior S o —
W 1 —cosb

» Upon integration [ dww dcos@ |S]* o< Inw In cos @

» Focus leading soft and collinear singularity!
Sj—ir A;

A;Siyir

\

RadCor-Loopfest
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Sott Divergence?

» Soft particle does not change helicities of hard process to
leading order |weinberg 1963

» The two amplitudes start with the same weight to intertfere.
Stripping the soft particle unchanged the weights.

- w; = wj tor hard processes; impossible for operators with

O; Oj .
No soft divergence when

Areal Ar_eal UJ@ < UJJ or @Z < wj

fl:_>’l:/ j_>z/
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Collinear Divergence?

Collinear on both sides: TWO BACK-TO-BACK “‘JETS”

(97;* \’\ ‘|'_
D

D
/\

Rotation around jet direction= little group!

Difterent weights of hard processes (w; < wj) are balanced
by the two collinear functions—produce net helicity/phase
after conjugation, [~"d¢ St S i o [ dpe*® = 0.

11—/

No collinear divergence:
w; < Wy or w; < Wj
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Anomalous Dimension of Dim-6 SMEFT

- How many can be explained?

Alonso, Jenkins, Manohar, Trott: 1409.0868

LI =non-zero
X=no diagram
—non-trivial zero
=zero by theorems

F3 F2¢2 F¢2¢ ¢4 ¢2¢3 F‘B F2¢2 F&ng 1;4 ,&2¢3 1;2¢2 &wqbQD ¢4D2 ¢6
F? X X X X X X X X X X
F2¢? X X X X X X
Fp? ¢ X X X
¢4 X N X X X X X X y? X X
v’ - X
_Fg X X X X X X X X X X
}_ﬂ_qbQ X X X X X X
Fip?¢ x x x
_¢4 X X X X X X X X g2 X X
¢2¢3 > X
_1;21#2 X 72 X X y? X X X
ip$* D x
¢4D2 X X X
$° X X X X
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Anomalous Dimension of Dim-6 SMEFT

Got almost all zeros for free!

Alonso, Jenkins, Manohar, Trott: 1409.0868

Explain the breaking via Yukawa

LI =non-zero
X=no diagram
—non-trivial zero
=zero by theorems

F3 F2¢% Fye ot 023 | FP F26% Fole Ot 026° |02 gudiD ¢D? ¢
: (w,w)|(0,6) (2,6) (2,6) (2,6) (4,6)|(6,0) (6,2) (6,2) (6,2) (6,4)|(4,4) (4,4) (4,4) (6,6)
F° (0,6) X X X X X X X X X X
F?¢*  (2,6) X X X X X X
Fy*¢  (2,6) x x X
w4 (2,6) X X X X X X X X y? X X
$26°  (4,6) 2 :
_F3 (6,0) X X X X X X X X X X
]_'72_ng (6,2) X X X X X X
F@_DQQb (6,2) X X X
_¢4 (6,2) X X X X X X X X T X X
%jgbz E6, 4; 72 X
WYY 4,4 X g2 X X y? X X X
Yp¢® D (4,4) x
¢4D2 (4,4) X X X X
o°  (6,6) x x x x x
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Anomalous Dimension of Dim-6 SMEFT

[1 =non-zero

 Gotalmost all zeros for free!

X=no diagram
—non-trivial zero

»  Explain the breaking via Yukawa

=zero by theorems
Alonso, Jenkins, Manohar, Trott: 1409.0868

F3 OF24% Fgle ot 23| P 22 Fule ot 0263 | 92? gudlD ¢iD? ¢f
r (w,w)|(0,6) (2,6) (2,6) (2,6) (4,6)|(6,0) (6,2) (6,2) (6,2) (6,4)|(4,4) (4,4) (4,4) (6,6)
F* (0,6) X X X X X X X X X X
F?¢*  (2,6) X X X X X X
Fi*¢  (2,6) x x x
1b4 (2,6) X X X X X X X X X
W6 (4,6) :
_F3 (6,0) X X X X X X
F2¢?  (6,2) x X
Fi?¢  (6,2) x x
_¢4 (6, 2) X X X X X X X
%jgbz E6, 4; Tk X
v 4.4 X < X X X
¢* D? (4,4) X X X X
#°  (6,6) X x X X x
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Holomorphy from Positivity

dimension 5

dimension 6

F26
Fp?

p?¢

¢5

F3
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Holomorphy from Positivity

dimension 5

dimension 6
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F26
Fp?

p?¢

¢5
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Conclusion

- We prove a new class of non-renormalization theorems at
I-loop for any 4d massless theory with marginal
interactions deformed by leading irrelevant operators.

. :Explained the non-trivial cancellations in the anomalous
dimensions between different class of operators in
dimension six SMEFT.

* No symmetry is assumed. Only use unitarity and helicity
selection rule in derivation.
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Outlook

Generalization to higher loop?
» Seems to tail by finite part of 1-loop amplitudes

» Lower bound for marginal interactions 1s broken as well
(e.g. all plus amplitudes non-zero at 1-loop)

Generalization to other space-time dimension?
Underlying symmetry explanation?
Special case 1n N=4 sYM? [Chen, Huang, Wen; 1505.07093]

Other phenomenological implication?
[SM"‘DM EFTD Crivellin, Francesco, Massimiliano 1402.1173]
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Backup Slides



RadCor-Loopfest

Standard Model Efttective Field Theories (SMEEFT)

* 59 dim-6 operators in SMEFT:

(Grzadkowski, Iskrzynski, Misiak, and Rosiek, 2010]

X3 S06 and S041)2 w2¢3
Qc | [APCGIGEGSH | Q, (¢Tp)? Qey (0To) (lperp)

& | FAPCGAGEGSE | Qe | (olo)D(pTe) Qug (¢t0) (G ?)
Qw | eEWIwlewke | Qup | (e'D"0)" (¢'Dyup) | Qup (') (Gpddrep)
QW EIJKWI{I/WI;]pwpKu

X2§02 ¢2X90 ¢2902D
Que | ¢l0GAG™ | Quy | (Gome)r oWl | QY | (pliD, 9)in )
Qe | eleGhe™ | Qo | (ome)eB. | Q| (oD} o)1)
Qow |  CreWi W | Qua | (4o T u, )G, | Que | (ol D, o) (Ente,)
Qv | SeWLW™ | Quv | (@o™u)r3 W), | Q% | (oD, 9)@n"e)
QuB ol By, B* Que | (0" u.)p B, o (Wﬁj ) (G ")
Qi | ¢eBuB” | Quo | @0 T4)pCl | Qe | (21D, ¢)@n"u,)
Quws | OO WLB™ | Qaw | (Go™d) oW, | Q| (¢iD,0)(dn d,)
Quvp | e WLB™ | Qup | (40" d)¢ By || Quua | i(FT D) (i d,)
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Standard Model Efttective Field Theories (SMEEFT)

* 59 dim-6 operators in SMEFT:

[Grzadkowski, Iskrzynski, Misiak, and Rosiek, 2010]

(LL)(LL) (RR)(RR) (LL)(RR)
Qu (Lpypule) (L1 Qe (epvuer)(Esyter) Qe (Lpyulr) (Es7er)
" (@Y ) (@7 ) Quu (@) (Usy"uy) Qlu (Lpvule) (@syuy)
i | (@)@ T | Qua | (dyud)(dyd) || Qu | (Bl (deydy)
z(? (Ll ) (@57 q) Qeu (Epyuer) (s uy) Qqe (quqr)(esv er)
QY | Gyt )@ T %) | Qe | (e (diydy) O (@) (@)
QW | (@) (diydy) o | @I (@ T )
QL) | (apy, Thu) (AP TAdy) || QL (@) (dsy™de)
Q%) | (@ Tq,)(dA*TAdy)
(LR)(RL) and (LR)(LR) B-violating
Qredq (Bper)(dsai) Quug P [(d2)TCuP] [(q7) T ClE]
Quna | (@ur)en(@d) || Qugu e Me i [(g57)T Cql*] [(u))" Cey]
Qquqd (cngAur)sjk( kT Ad,) Qé}ﬁ; €PVE 1 Emm [<qgj>TCq§k] [(q™TCip]
Qow | (He)zin(@u) || Quay eB(r1e)jk(71e)mn [(427)TCqP*) [(q7™) T ClY]
Qo | Houwen)ein(@ o™ w) | Qau £ [(d2)TCuf] [(u7)TCe]
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Miraculous Cancellation in SMEFT

« Full 59 X 59 anomalous dimension matrix—
holomorphy without supersymmetry?

0; 4 ~3. 9 0; =0,

Vi F? R Fgte wt w2t | B R0 PRy 4t 2% | 9% gue?D ¢*D? ¢
1]

Alonso, Jenkins, Manohar, Trott: 1409.0868
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Operator Mixing

»  Operators in general mix under loop correction

» Crucial for constraints in SMEFT

[Grojean, Alonso, Jenkins, Manohar, Trott: 1301.25881308.2627, 1310.4838, 1312.2014; Elias-Miro,
Espinosa, Masso, Pomarol, 1302.5661, 1308.1879; Elias-Miro, Grojean, Gupta, Marzocca 1312.2928]

« Anomalous dimension: new physics

1 ).
J
(4m)2 d log 0 Z i3

Yij 1s dimensionless

=> depends only on marginal

- EW~100 GeV

couplings in massless theories
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Operator Mixing

»  Operators in general mix under loop correction

» Crucial for constraints in SMEFT

[Grojean, Alonso, Jenkins, Manohar, Trott: 1301.25881308.2627, 1310.4838, 1312.2014; Elias-Miro,
Espinosa, Masso, Pomarol, 1302.5661, 1308.1879; Elias-Miro, Grojean, Gupta, Marzocca 1312.2928]

« Anomalous dimension: new physics

1 O).
VigCj /
(47)? dlogu Z a Vij

Yij 1s dimensionless

=> depends only on marginal

- EW~100 GeV

couplings in massless theories
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General Sotft-Collinear Singularity

General soft-collinear function S:

—2h1—1 —2ho—1
L ohs 1 [ [nJ] n7]
SO 2y = @(W> (M)
) ((12>[77.1] [nz]> o

IR singularity is suppressed
1 in higher dimensional
operator [g]<0.
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Passarino-Veltman Decomposition

* Recycling known scalar integrals:

Aioop = Z daly + Z dsls + Z doI5 + rational,

box triangle bubble

o A 70 R

+ UV (log) divergence only from bubble integrals:
L(p?) = [d* <L /0?0 +p)* = 1/(47)%e + ...

» Tadpole and “massless” bubble, I>(p* = 0), are scaleless.
» vanish in dimensional regularization

» Important caveat in massless bubble
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Generalized Unitarity

Cutting on the integral basis side

AP cut[A; ") = dy + f (1, L)
1 : !
1 cut
LI
1 cut 1

02(€+p)*(€+p)? T (e+p)?
1
02 (L+p)? (L+p’)? (L+p”)?

cut 1
S CGFDL GOk

» If the product of tree amplitude vanishes identically in massive 2-

cut, no contribution from the associated bubble, triangle and box.
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Generalized Unitarity

- Cutting on the integral basis side

A}ioop

cut 1
" (t+p)?

£2(L+p)?(L+p’)?
1
02 (L+p)? (L+p’)? (L+p”)?

cut 1
S CGFDL GOk

» If the product of tree amplitude vanishes identically in massive 2-
cut, no contribution from the associated bubble, triangle and box.
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Generalized Unitarity

- Cutting on the integral basis side

A}ioop

2}782)

cut 1

02(€+p)*(€+p)? T (e+p)?
1
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» If the product of tree amplitude vanishes identically in massive 2-
cut, no contribution from the associated bubble, triangle and box.
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Generalized Unitarity

- Cutting on the integral basis side

cut 1
" (t+p)?
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1
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cut 1
S CGFDL GOk

» If the product of tree amplitude vanishes identically in massive 2-
cut, no contribution from the associated bubble, triangle and box.
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Accidental Cancellation in

$2¢% )0 — F3

» Counterterm analysis for d*D? ?p3. p° from F3 /3

» Recasting counterterms from 1PI diagrams only generates

EoM

B y ) ) H
Jga [Du, XV“]CL — ]ga,]gM where scalar current ]g = QN D fﬁb

» In standard basis, ]ga]gﬂ = ¢*D? @ Y2 © Pb

. ]g ajg ,, has a non-zero 4-scalar amplitude—forbidden to be generated by

[3/F? according to our theorem!

DXDX DodDX

O — ’Y¢4D2_F3

X Yap2p3—F3 X Y6 _F3

[fig. from Alonso, Jenkins, Manohar, Trott: 1312.2014 ]



