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F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6, 6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) ◊ú y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊ú ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ú ◊ ◊ ◊ú ◊ ◊ ◊

Table II. after
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Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊
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„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ ◊ ◊ ◊ ◊

Table III. Anomalous dimension matrix for dimension six operators in a general quantum field theory. The shaded entries
vanish by our non-renormalization theorems, in full agreement with [2]. Here y2 and ȳ2 label entries that are non-zero due
to non-holomorphic Yukawa couplings, ◊ labels entries that vanish because there are no diagrams [13], and ◊ú labels entries
that vanish by a combination of counterterm analysis and our non-renormalization theorems.

APPLICATION TO THE STANDARD MODEL

Since our results rely on unitarity and helicity, they
apply to any four-dimensional quantum field theory of
massless particles, including the standard model and its
extension to higher dimension operators. Incidentally,
there has been much progress in this direction in recent
years [2–6]. A tour de force calculation of the full one-
loop anomalous dimension matrix of dimension six oper-
ators [4] unearthed a string of miraculous cancellations
not enforced by an obvious symmetry and visible only
after the meticulous application of equations of motion
[2]. Lacking a manifest symmetry of the Lagrangian,
the authors of [2] conjectured an underlying “holomor-
phy” of the standard model e�ective theory that ensures
closure of certain operators under renormalization.

The cancellations in [2] are a direct consequence of

the non-renormalization theorems in Eq. (5) and Eq. (6),
based on a classification of holomorphic (w < 4), anti-
holomorphic (w < 4), and non-holomorphic operators
(w, w Ø 4), and violated only by exceptional amplitudes
(w, w = 2) generated by non-holomorphic Yukawas. The
shaded entries in Tab. III denote zeroes enforced by our
non-renormalization theorems. Entries marked with ◊
vanish trivially because there are no associated Feynman
diagrams, while the few entries marked with ◊ú vanish
because the expected divergences in Â2„3 and „6 are ac-
companied by a counterterm of the form „4D2 [4] which
is forbidden by our non-renormalization theorems.

Interestingly, the superfield formalism o�ers an en-
lightening albeit partial explanation of these cancella-
tions [16] as well as analogous e�ects in chiral perturba-
tion theory [17]. These results are clearly connected to
our own via the well-known “e�ective” supersymmetry

• Full 59×59 anomalous dimension matrix  
of  dimension-6 operators

Miraculous Cancellation in SMEFT

Alonso, Jenkins, Manohar, Trott: 1409.0868 

◻=non-zero 
x=no diagram 

=non-trivial zero
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X3 ϕ6 and ϕ4D2 ψ2ϕ3

QG fABCGAν
µ GBρ

ν GCµ
ρ Qϕ (ϕ†ϕ)3 Qeϕ (ϕ†ϕ)(l̄perϕ)

QG̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ Qϕ! (ϕ†ϕ)!(ϕ†ϕ) Quϕ (ϕ†ϕ)(q̄purϕ̃)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QϕD

(
ϕ†Dµϕ

)⋆ (
ϕ†Dµϕ

)
Qdϕ (ϕ†ϕ)(q̄pdrϕ)

QW̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

X2ϕ2 ψ2Xϕ ψ2ϕ2D

QϕG ϕ†ϕGA
µνG

Aµν QeW (l̄pσµνer)τ IϕW I
µν Q(1)

ϕl (ϕ†i
↔

Dµ ϕ)(l̄pγµlr)

QϕG̃ ϕ†ϕ G̃A
µνG

Aµν QeB (l̄pσµνer)ϕBµν Q(3)
ϕl (ϕ†i

↔

D I
µ ϕ)(l̄pτ

Iγµlr)

QϕW ϕ†ϕW I
µνW

Iµν QuG (q̄pσµνTAur)ϕ̃GA
µν Qϕe (ϕ†i

↔

Dµ ϕ)(ēpγµer)

Q
ϕW̃

ϕ†ϕ W̃ I
µνW

Iµν QuW (q̄pσµνur)τ I ϕ̃W I
µν Q(1)

ϕq (ϕ†i
↔

Dµ ϕ)(q̄pγµqr)

QϕB ϕ†ϕBµνBµν QuB (q̄pσµνur)ϕ̃Bµν Q(3)
ϕq (ϕ†i

↔

D I
µ ϕ)(q̄pτ

Iγµqr)

QϕB̃ ϕ†ϕ B̃µνBµν QdG (q̄pσµνTAdr)ϕGA
µν Qϕu (ϕ†i

↔

Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

QϕW̃B ϕ†τ Iϕ W̃ I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(ϕ̃†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.

3
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Theory space

• EFTs: massless theories with marginal interactions, 
deformed by irrelevant operators of  the same dimension. 
 
 
 
 

• Operator mixing at 1-loop: 

• Suitable for the anomalous dimension of  SMEFT. 

• No assumption on matter content or gauge symmetries!

massless particles with 
marginal interactions

higher dimensional operators of  
the same mass dimension

L = Ld=4 +
�

i ciOi

1

(4π)2
dci

d logµ
=

∑

j

γijcj
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Independent Basis of  Operators

• Field Redefinitions ⬄ Equations of  Motion: 
 
 

• Independent basis: no operators related by EoM 

• Applying equations of  motion at loop level 

‣ local operator from non-local diagram!

� � � +
1

�
��

L � L +
1

�
�� � EoM + O(

1

�2
)

�̄2�2 loop���� �̄�µ�[D� , Fµ� ]
EoM���� �̄�µ��̄�µ�

p2

p2
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Off-shell Lagrangian v.s. On-shell Amplitudes

• Off-shell Lagrangian: unphysical, e.g., gauge choice and 
field redefinition 

• On-shell amplitudes: all physical information! 

‣ Use multiplicity & helicity; factorization & unitarity
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• Off-shell Lagrangian: unphysical, e.g., gauge choice and 
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• On-shell amplitudes: all physical information! 

‣ Use multiplicity & helicity; factorization & unitarity

Zvi Bern: 

TASI 2014

On-shell: Good 
Off-shell: Bad
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Off-shell Lagrangian v.s. On-shell Amplitudes

Off-shell On-shell

Higher dimensional operator ddd Contact amplitude      with      insertion

Anomalous dimension UV divergence of   
the loop amplitude         from      .

Field redefinitions/Equations of  motion Full amplitudes  
including non-1PI diagrams

Non-renormalization UV finiteness of  loop amplitudes  

Oj

γij

Ai Oi

Aloop
i

Oi
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Definition of  Weights

• Weight/Anti-weight for an amplitude 
 
 

‣        : total number of  particles;          : sum over helicities 

• Weight/Anti-weight for an operator 
 
 

‣ Minimum weights for all contact amplitudes with this operator  

‣ Weights of  amplitudes are greater or equal to      (to be proven…)

w(A) = n(A) � h(A), w(A) = n(A) + h(A)

n(A) h(A)

w(O) = min{w(A)}, w(O) = min{w(A)}

O
O



RadCor-Loopfest

Weights 101

• Physical: free from field redefinition/gauge choice 

• Non-negative:                       (n ≥ h for spin ≤ 1 theories) 

• In practice, sum over each field component in an operator 
 
 

‣ Using spinor indices: e.g.  

‣ Covariant derivative D does not contribute (i.e. taking D=∂ ) 

‣ Example:  

‣ same as k-charge in N=4 sYM.

(w,w) ≥ 0

O F�� �� � �̄�̇ F̄�̇�̇

h +1 +1/2 0 �1/2 �1
(w, w) (0, 2) (1/2, 3/2) (1, 1) (3/2, 1/2) (2, 0)

F��̇��̇ = F�� �̄�̇�̇ + F̄�̇�̇���

F 3 � (0, 6), �̄��2D � (4, 4)
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New Non-renormalization Theorems

• An operator       CANNOT renormalize operator       at  
1-loop if        has higher weight or anti-weight than     . 
 
 
 
only violated by non-holomorphic Yukawa interactions. 

• The direction of  RG has to go positive (non-negative) 
in weights and anti-weights.

Oi

�ij = 0 if wi < wj or wi < wj ,

Oj

Oj Oi
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Positivity in RG Running

1 3 5
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�6F 3

F̄ 3
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• Universal formula for massless particles  
[Benincasa & Cachazo,0705.4305]  
 
 
 

• Little group+dimensional analysis 

• Lower bound for marginal interactions:

Three-point Amplitudes

A(1h12h23h3) = g

�
�

�

�12�r3�23�r1�31�r2 ,
�

i hi � 0 (MHV)

[12]r3 [23]r1 [31]r2 ,
�

i hi � 0 (MHV)

w3, w3 ≥ 2

(w3, w3) = (4 � [g], 2 + [g]), (2 + [g], 4 � [g])
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Four-point Amplitudes

• Most of              amplitudes vanish 

‣              : no diagram 

‣              : have diagrams, but vanish on-shell, 
               e.g., all-plus/all-but-one plus gluon amplitudes 

• Lower bound for four-point amplitudes: 
 
                                                    modulo 

• Exceptional amplitude                       : 

‣ Non-holomorphic Yukawa:

w = 1, 3

w4, w4 � 4

w = 0, 2

w < 4

w = 2A(�+�+�+�+)

Weighting Tree

Exceptional

w < 4 w = 3 A(F+� � �) A( + +� �) w = 2 A( + + + +)

w4,w4 � 4  2�+  ̄2� / yuyd

 

 

 

 

Chia-Hsien Shen (Caltech) Holomorphy at 1-loop 12 / 26

�2� + �2�†
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Tree Rule

• Approach factorization limit of  an amplitude

Tree rule:  ddddddddddddddd

Ai � Aj · Ak
1

p2

Ai Aj Ak

+ −

�
ni = nj + nk � 2
hi = hj + hk

�
wi = wj + wk � 2
wi = wj + wk � 2
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General Tree Amplitudes

• Factorize higher point amplitudes with renormalizable 
interactions:                           &  
5pt → 3pt × 4pt:                          …  
        

• modulo exceptional amplitudes with       or               
from non-holomorphic Yukawa interactions.

(w5, w5) � (4, 4)

wn, wn �
�

2, n = 3
4, n > 3

wn = 2wn

wi = wj + wk � 2w3 � 2, w4 � 4
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General Tree Amplitudes

• Factorize an amplitude built from a single insertion higher 
dimensional operator: higher dim’l operator × renormalizable 
                                    
 
 
 

• Contact amplitudes have minimal weights among all 
amplitudes with the same operator insertion.

Ai Aj Ak

wi = wj + wk � 2
wi = wj + wk � 2

wi ≥ wj , wi ≥ wj



RadCor-Loopfest

Outline

• Introduction 

• New Non-renormalization Theorems 

• Weighting Tree Amplitudes 

• Weighting 1-loop Amplitudes 

• Weightlifting from IR to UV 

• Application to the Standard Model 

• Conclusion



RadCor-Loopfest

Anomalous Dimensions and Loop Amplitudes

• Anomalous dimension v.s. loop correction to      from

Aloop

i

Oj

Ai

Oi +

OjAi
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Generalized Unitarity

• “Cut” = locate internal propagators on-shell 

• This breaks 1-loop amplitudes into products of  tree 
amplitudes

Aloop

i

�1

�2

1
�2+i�

cut��� �+(l2)

Aj Ak

�1

�2

Massive two-cut
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One-loop Rule

• Selection rule via massive two-cut on a 1-loop amplitude

Oj

Ai Aj Ak

±∓

∓ ±

Oj

�
ni = nj + nk � 4
hi = hj + hk

One-Loop rule:  ddddddddddddddddddd
�

wi = wj + wk � 4
wi = wj + wk � 4
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Non-renormalization Theorems (?)

• 1-loop rule+ 
lower bound on tree: 
 
 

• Massive two-cut is non-trivial only if  the operators satisfy 
 

‣ Necessary for massive bubble/triangle/box integrals. 

• Finite 1-loop amplitude in dimensional regularization.

�
wi = wj + wk � 4
wi = wj + wk � 4

wi � wj and wi � wj

wk, wk � 4

Aj Ak

Oj

 
“Non-renormalization?”

wi < wj or wi < wj
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Massless Bubbles

• Known result: find  (-1)×QCD beta function if  stop here. 
[Dixon; Arkani-Hamed, Cachazo, and Kaplan 0808.1446; Huang, McGady, Peng 1205.5606] 

• Scaleless massless bubble integrals vanish in dimensional 
regularization as UV-IR cancellation. 
 

• Massless bubbles DO contribute to UV divergence 
despite being invisible under unitarity cut!

I2(p2 = 0) = 1
(4�)2

�
1

�UV
� 1

�IR

�
�UV=�IR������ 0
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Weightlifting from IR to UV

• Kinoshita-Lee-Nauenberg (KLN) Theorem: 

‣ IR divergence in (1-loop) virtual correction is cancelled by inclusive sum 
over (a single) unresolved final state(s)!—cross section level statement. 

• Focus on              , divergence only from massless bubbles 
 
 
 
 
 
 
 
 

wi < wj

Ai

Oi

∗

Aloop

i

Oj Oi

∗

Areal
i�i�

Oj

Areal
j�i�

+
⌠ 
⎮ 
⌡

d3p

(2π)32ω

UV div.  =−IR virtual div.  =+IR real div.
(massless bubble) (KLN)
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Soft-Collinear Singularity

• Singular terms also factorized universally 

‣ soft/collinear behavior  

• Upon integration 

• Focus leading soft and collinear singularity!

Oi

∗

Areal
i�i�

AiSi�i�

Oj

Areal
j�i�

Sj�i�Aj

�

�

�
d�� d cos � |S|2 � ln � ln cos �

S �
1

�
�

1
�

1 � cos �
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Soft Divergence?

• Soft particle does not change helicities of  hard process to 
leading order [Weinberg 1965] 

• The two amplitudes start with the same weight to interfere. 
Stripping the soft particle unchanged the weights. 

•               for hard processes; impossible for operators withwi = wj

Oi

∗

Areal
i�i�

Oj

Areal
j�i�

No soft divergence when  
      wi < wj or wi < wj

wi < wj
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Collinear Divergence?

• Collinear on both sides: TWO BACK-TO-BACK “JETS” 

• Rotation around jet direction= little group! 

• Different weights of  hard processes (             ) are balanced 
by the two collinear functions—produce net helicity/phase 
after conjugation,                                                     .

+

±

±∓

∓

+

wi < wj

� 2�
0 d� S�

i�i�Sj�i� �
� 2�
0 d� e2i� = 0

Oi
∗ Oj

No collinear divergence: 
      wi < wj or wi < wj
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Anomalous Dimension of  Dim-6 SMEFT

• How many can be explained?

Alonso, Jenkins, Manohar, Trott: 1409.0868 

5

F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6, 6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) ◊ú y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊ú ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ú ◊ ◊ ◊ú ◊ ◊ ◊

Table II. after

F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6.6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ ◊ ◊ ◊ ◊

Table III. Anomalous dimension matrix for dimension six operators in a general quantum field theory. The shaded entries
vanish by our non-renormalization theorems, in full agreement with [2]. Here y2 and ȳ2 label entries that are non-zero due
to non-holomorphic Yukawa couplings, ◊ labels entries that vanish because there are no diagrams [13], and ◊ú labels entries
that vanish by a combination of counterterm analysis and our non-renormalization theorems.

APPLICATION TO THE STANDARD MODEL

Since our results rely on unitarity and helicity, they
apply to any four-dimensional quantum field theory of
massless particles, including the standard model and its
extension to higher dimension operators. Incidentally,
there has been much progress in this direction in recent
years [2–6]. A tour de force calculation of the full one-
loop anomalous dimension matrix of dimension six oper-
ators [4] unearthed a string of miraculous cancellations
not enforced by an obvious symmetry and visible only
after the meticulous application of equations of motion
[2]. Lacking a manifest symmetry of the Lagrangian,
the authors of [2] conjectured an underlying “holomor-
phy” of the standard model e�ective theory that ensures
closure of certain operators under renormalization.

The cancellations in [2] are a direct consequence of

the non-renormalization theorems in Eq. (5) and Eq. (6),
based on a classification of holomorphic (w < 4), anti-
holomorphic (w < 4), and non-holomorphic operators
(w, w Ø 4), and violated only by exceptional amplitudes
(w, w = 2) generated by non-holomorphic Yukawas. The
shaded entries in Tab. III denote zeroes enforced by our
non-renormalization theorems. Entries marked with ◊
vanish trivially because there are no associated Feynman
diagrams, while the few entries marked with ◊ú vanish
because the expected divergences in Â2„3 and „6 are ac-
companied by a counterterm of the form „4D2 [4] which
is forbidden by our non-renormalization theorems.

Interestingly, the superfield formalism o�ers an en-
lightening albeit partial explanation of these cancella-
tions [16] as well as analogous e�ects in chiral perturba-
tion theory [17]. These results are clearly connected to
our own via the well-known “e�ective” supersymmetry

◻=non-zero 
x=no diagram 

=non-trivial zero 
=zero by theorems
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Anomalous Dimension of  Dim-6 SMEFT

• Got almost all zeros for free! 

• Explain the breaking via Yukawa
Alonso, Jenkins, Manohar, Trott: 1409.0868 5
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Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊
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Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ ◊ ◊ ◊ ◊

Table II. after

F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6.6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ ◊ ◊ ◊ ◊

Table III. Anomalous dimension matrix for dimension six operators in a general quantum field theory. The shaded entries
vanish by our non-renormalization theorems, in full agreement with [2]. Here y2 and ȳ2 label entries that are non-zero due
to non-holomorphic Yukawa couplings, ◊ labels entries that vanish because there are no diagrams [13], and ◊ú labels entries
that vanish by a combination of counterterm analysis and our non-renormalization theorems.

APPLICATION TO THE STANDARD MODEL

Since our results rely on unitarity and helicity, they
apply to any four-dimensional quantum field theory of
massless particles, including the standard model and its
extension to higher dimension operators. Incidentally,
there has been much progress in this direction in recent
years [2–6]. A tour de force calculation of the full one-
loop anomalous dimension matrix of dimension six oper-
ators [4] unearthed a string of miraculous cancellations
not enforced by an obvious symmetry and visible only
after the meticulous application of equations of motion
[2]. Lacking a manifest symmetry of the Lagrangian,
the authors of [2] conjectured an underlying “holomor-
phy” of the standard model e�ective theory that ensures
closure of certain operators under renormalization.

The cancellations in [2] are a direct consequence of

the non-renormalization theorems in Eq. (5) and Eq. (6),
based on a classification of holomorphic (w < 4), anti-
holomorphic (w < 4), and non-holomorphic operators
(w, w Ø 4), and violated only by exceptional amplitudes
(w, w = 2) generated by non-holomorphic Yukawas. The
shaded entries in Tab. III denote zeroes enforced by our
non-renormalization theorems. Entries marked with ◊
vanish trivially because there are no associated Feynman
diagrams, while the few entries marked with ◊ú vanish
because the expected divergences in Â2„3 and „6 are ac-
companied by a counterterm of the form „4D2 [4] which
is forbidden by our non-renormalization theorems.

Interestingly, the superfield formalism o�ers an en-
lightening albeit partial explanation of these cancella-
tions [16] as well as analogous e�ects in chiral perturba-
tion theory [17]. These results are clearly connected to
our own via the well-known “e�ective” supersymmetry

◻=non-zero 
x=no diagram 

=non-trivial zero 
=zero by theorems
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Conclusion

• We prove a new class of  non-renormalization theorems at 
1-loop for any 4d massless theory with marginal 
interactions deformed by leading irrelevant operators. 

• Explained the non-trivial cancellations in the anomalous 
dimensions between different class of  operators in 
dimension six SMEFT. 

• No symmetry is assumed. Only use unitarity and helicity 
selection rule in derivation.
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Outlook

• Generalization to higher loop? 

‣ Seems to fail by finite part of  1-loop amplitudes 

‣ Lower bound for marginal interactions is broken as well 
(e.g. all plus amplitudes non-zero at 1-loop) 

• Generalization to other space-time dimension? 

• Underlying symmetry explanation?  

• Special case in N=4 sYM? [Chen, Huang, Wen; 1505.07093] 

• Other phenomenological implication?  
[SM+DM EFT? Crivellin, Francesco, Massimiliano 1402.1173]
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• 59 dim-6 operators in SMEFT: 
[Grzadkowski, Iskrzynski, Misiak, and Rosiek, 2010]

Standard Model Effective Field Theories (SMEFT)

X3 ϕ6 and ϕ4D2 ψ2ϕ3

QG fABCGAν
µ GBρ

ν GCµ
ρ Qϕ (ϕ†ϕ)3 Qeϕ (ϕ†ϕ)(l̄perϕ)

QG̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ Qϕ! (ϕ†ϕ)!(ϕ†ϕ) Quϕ (ϕ†ϕ)(q̄purϕ̃)

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ QϕD

(
ϕ†Dµϕ

)⋆ (
ϕ†Dµϕ

)
Qdϕ (ϕ†ϕ)(q̄pdrϕ)

QW̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

X2ϕ2 ψ2Xϕ ψ2ϕ2D

QϕG ϕ†ϕGA
µνG

Aµν QeW (l̄pσµνer)τ IϕW I
µν Q(1)

ϕl (ϕ†i
↔

Dµ ϕ)(l̄pγµlr)

QϕG̃ ϕ†ϕ G̃A
µνG

Aµν QeB (l̄pσµνer)ϕBµν Q(3)
ϕl (ϕ†i

↔

D I
µ ϕ)(l̄pτ

Iγµlr)

QϕW ϕ†ϕW I
µνW

Iµν QuG (q̄pσµνTAur)ϕ̃GA
µν Qϕe (ϕ†i

↔

Dµ ϕ)(ēpγµer)

Q
ϕW̃

ϕ†ϕ W̃ I
µνW

Iµν QuW (q̄pσµνur)τ I ϕ̃W I
µν Q(1)

ϕq (ϕ†i
↔

Dµ ϕ)(q̄pγµqr)

QϕB ϕ†ϕBµνBµν QuB (q̄pσµνur)ϕ̃Bµν Q(3)
ϕq (ϕ†i

↔

D I
µ ϕ)(q̄pτ

Iγµqr)

QϕB̃ ϕ†ϕ B̃µνBµν QdG (q̄pσµνTAdr)ϕGA
µν Qϕu (ϕ†i

↔

Dµ ϕ)(ūpγµur)

QϕWB ϕ†τ IϕW I
µνB

µν QdW (q̄pσµνdr)τ IϕW I
µν Qϕd (ϕ†i

↔

Dµ ϕ)(d̄pγµdr)

QϕW̃B ϕ†τ Iϕ W̃ I
µνB

µν QdB (q̄pσµνdr)ϕBµν Qϕud i(ϕ̃†Dµϕ)(ūpγµdr)

Table 2: Dimension-six operators other than the four-fermion ones.

3 The complete set of dimension-five and -six operators

This Section is devoted to presenting our final results (derived in Secs. 5, 6 and 7) for the basis

of independent operators Q(5)
n and Q(6)

n . Their independence means that no linear combination
of them and their Hermitian conjugates is EOM-vanishing up to total derivatives.

Imposing the SM gauge symmetry constraints on Q(5)
n leaves out just a single operator [20],

up to Hermitian conjugation and flavour assignments. It reads

Qνν = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (3.1)

where C is the charge conjugation matrix.2 Qνν violates the lepton number L. After the
electroweak symmetry breaking, it generates neutrino masses and mixings. Neither L(4)

SM nor
the dimension-six terms can do the job. Thus, consistency of the SM (as defined by Eq. (1.1)
and Tab. 1) with observations crucially depends on this dimension-five term.

All the independent dimension-six operators that are allowed by the SM gauge symmetries
are listed in Tabs. 2 and 3. Their names in the left column of each block should be supplemented
with generation indices of the fermion fields whenever necessary, e.g., Q(1)

lq → Q(1)prst
lq . Dirac

indices are always contracted within the brackets, and not displayed. The same is true for the

2 In the Dirac representation C = iγ2γ0, with Bjorken and Drell [21] phase conventions.

3
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• 59 dim-6 operators in SMEFT: 
[Grzadkowski, Iskrzynski, Misiak, and Rosiek, 2010]

Standard Model Effective Field Theories (SMEFT)

(L̄L)(L̄L) (R̄R)(R̄R) (L̄L)(R̄R)

Qll (l̄pγµlr)(l̄sγµlt) Qee (ēpγµer)(ēsγµet) Qle (l̄pγµlr)(ēsγµet)

Q(1)
qq (q̄pγµqr)(q̄sγµqt) Quu (ūpγµur)(ūsγµut) Qlu (l̄pγµlr)(ūsγµut)

Q(3)
qq (q̄pγµτ Iqr)(q̄sγµτ Iqt) Qdd (d̄pγµdr)(d̄sγµdt) Qld (l̄pγµlr)(d̄sγµdt)

Q(1)
lq (l̄pγµlr)(q̄sγµqt) Qeu (ēpγµer)(ūsγµut) Qqe (q̄pγµqr)(ēsγµet)

Q(3)
lq (l̄pγµτ I lr)(q̄sγµτ Iqt) Qed (ēpγµer)(d̄sγµdt) Q(1)

qu (q̄pγµqr)(ūsγµut)

Q(1)
ud (ūpγµur)(d̄sγµdt) Q(8)

qu (q̄pγµTAqr)(ūsγµTAut)

Q(8)
ud (ūpγµTAur)(d̄sγµTAdt) Q(1)

qd (q̄pγµqr)(d̄sγµdt)

Q(8)
qd (q̄pγµTAqr)(d̄sγµTAdt)

(L̄R)(R̄L) and (L̄R)(L̄R) B-violating

Qledq (l̄jper)(d̄sq
j
t ) Qduq εαβγεjk

[
(dαp )

TCuβr
] [
(qγjs )TClkt

]

Q(1)
quqd (q̄jpur)εjk(q̄ksdt) Qqqu εαβγεjk

[
(qαjp )TCqβkr

] [
(uγs )

TCet
]

Q(8)
quqd (q̄jpT

Aur)εjk(q̄ksT
Adt) Q(1)

qqq εαβγεjkεmn

[
(qαjp )TCqβkr

] [
(qγms )TClnt

]

Q(1)
lequ (l̄jper)εjk(q̄

k
sut) Q(3)

qqq εαβγ(τ Iε)jk(τ Iε)mn

[
(qαjp )TCqβkr

] [
(qγms )TClnt

]

Q(3)
lequ (l̄jpσµνer)εjk(q̄

k
sσ

µνut) Qduu εαβγ
[
(dαp )

TCuβr
] [
(uγs )

TCet
]

Table 3: Four-fermion operators.

isospin and colour indices in the upper part of Tab. 3. In the lower-left block of that table,
colour indices are still contracted within the brackets, while the isospin ones are made explicit.
Colour indices are displayed only for operators that violate the baryon number B (lower-right
block of Tab. 3). All the other operators in Tabs. 2 and 3 conserve both B and L.

The bosonic operators (classes X3, X2ϕ2, ϕ6 and ϕ4D2) are all Hermitian. Those containing
X̃µν are CP-odd, while the remaining ones are CP-even. For the operators containing fermions,
Hermitian conjugation is equivalent to transposition of generation indices in each of the fermionic
currents in classes (L̄L)(L̄L), (R̄R)(R̄R), (L̄L)(R̄R), and ψ2ϕ2D2 (except for Qϕud). For the
remaining operators with fermions, Hermitian conjugates are not listed explicitly.

If CP is defined in the weak eigenstate basis then Q−
(+)

Q† are CP-odd (-even) for all the
fermionic operators. It follows that CP-violation by any of those operators requires a non-
vanishing imaginary part of the corresponding Wilson coefficient. However, one should remem-
ber that such a CP is not equivalent to the usual (“experimental”) one defined in the mass
eigenstate basis, just because the two bases are related by a complex unitary transformation.

Counting the entries in Tabs. 2 and 3, we find 15 bosonic operators, 19 single-fermionic-
current ones, and 25 B-conserving four-fermion ones. In total, there are 15+19+25=59 inde-
pendent dimension-six operators, so long as B-conservation is imposed.

4
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• Full 59 × 59 anomalous dimension matrix— 
holomorphy without supersymmetry?

Miraculous Cancellation in SMEFT

5

F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6, 6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) ◊ú y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊ú ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ú ◊ ◊ ◊ú ◊ ◊ ◊

Table II. after

F 3 F 2„2 F Â2„ Â4 Â2„3 F̄ 3 F̄ 2„2 F̄ Â̄2„ Â̄4 Â̄2„3 Â̄2Â2 Â̄Â„2D „4D2 „6

(w, w̄) (0, 6) (2, 6) (2, 6) (2, 6) (4, 6) (6, 0) (6, 2) (6, 2) (6, 2) (6, 4) (4, 4) (4, 4) (4, 4) (6.6)
F 3 (0, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F 2„2 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊

F Â2„ (2, 6) ◊ ◊ ◊

Â4 (2, 6) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ y2 ◊ ◊

Â2„3 (4, 6) y2 ◊

F̄ 3 (6, 0) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊

F̄ 2„2 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊

F̄ Â̄2„ (6, 2) ◊ ◊ ◊

Â̄4 (6, 2) ◊ ◊ ◊ ◊ ◊ ◊ ◊ ◊ ȳ2 ◊ ◊

Â̄2„3 (6, 4) ȳ2 ◊

Â̄2Â2 (4, 4) ◊ ȳ2 ◊ ◊ y2 ◊ ◊ ◊

Â̄Â„2D (4, 4) ◊

„4D2 (4, 4) ◊ ◊ ◊ ◊

„6 (6, 6) ◊ ◊ ◊ ◊ ◊

Table III. Anomalous dimension matrix for dimension six operators in a general quantum field theory. The shaded entries
vanish by our non-renormalization theorems, in full agreement with [2]. Here y2 and ȳ2 label entries that are non-zero due
to non-holomorphic Yukawa couplings, ◊ labels entries that vanish because there are no diagrams [13], and ◊ú labels entries
that vanish by a combination of counterterm analysis and our non-renormalization theorems.

APPLICATION TO THE STANDARD MODEL

Since our results rely on unitarity and helicity, they
apply to any four-dimensional quantum field theory of
massless particles, including the standard model and its
extension to higher dimension operators. Incidentally,
there has been much progress in this direction in recent
years [2–6]. A tour de force calculation of the full one-
loop anomalous dimension matrix of dimension six oper-
ators [4] unearthed a string of miraculous cancellations
not enforced by an obvious symmetry and visible only
after the meticulous application of equations of motion
[2]. Lacking a manifest symmetry of the Lagrangian,
the authors of [2] conjectured an underlying “holomor-
phy” of the standard model e�ective theory that ensures
closure of certain operators under renormalization.

The cancellations in [2] are a direct consequence of

the non-renormalization theorems in Eq. (5) and Eq. (6),
based on a classification of holomorphic (w < 4), anti-
holomorphic (w < 4), and non-holomorphic operators
(w, w Ø 4), and violated only by exceptional amplitudes
(w, w = 2) generated by non-holomorphic Yukawas. The
shaded entries in Tab. III denote zeroes enforced by our
non-renormalization theorems. Entries marked with ◊
vanish trivially because there are no associated Feynman
diagrams, while the few entries marked with ◊ú vanish
because the expected divergences in Â2„3 and „6 are ac-
companied by a counterterm of the form „4D2 [4] which
is forbidden by our non-renormalization theorems.

Interestingly, the superfield formalism o�ers an en-
lightening albeit partial explanation of these cancella-
tions [16] as well as analogous e�ects in chiral perturba-
tion theory [17]. These results are clearly connected to
our own via the well-known “e�ective” supersymmetry

Oj O†
j

O†
i

Oi

Oi = O†
i

Oj = O†
j

Alonso, Jenkins, Manohar, Trott: 1409.0868 

γij
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Operator Mixing

• Operators in general mix under loop correction 

‣ Crucial for constraints in SMEFT 
[Grojean, Alonso, Jenkins, Manohar, Trott: 1301.25881308.2627, 1310.4838, 1312.2014; Elias-Miro, 
Espinosa, Masso, Pomarol, 1302.5661, 1308.1879; Elias-Miro, Grojean, Gupta, Marzocca 1312.2928] 

• Anomalous dimension: 
       
 
 
        
      is dimensionless 
  ⇒ depends only on marginal  
       couplings in massless theories

γij

1

(4π)2
dci

d logµ
=

∑

j

γijcj

Λ~ TeV

EW~100 GeV

new physics

SMEFT

Oi Oj



RadCor-Loopfest

Operator Mixing

• Operators in general mix under loop correction 

‣ Crucial for constraints in SMEFT 
[Grojean, Alonso, Jenkins, Manohar, Trott: 1301.25881308.2627, 1310.4838, 1312.2014; Elias-Miro, 
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General Soft-Collinear Singularity

• General soft-collinear function S:

IR singularity is suppressed 
in higher dimensional 

operator [g]<0.

S(1h1 , 2h2)MHV =
1

[12]

�
[�j]

[�1]

��2h1�1 �
[�j]

[�2]

��2h2�1

�
�

�12�[�1][�2]

[�j]2

��[g]

1

2
j
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Passarino-Veltman Decomposition

• Recycling known scalar integrals: 
 
 

• UV (log) divergence only from bubble integrals: 
 

• Tadpole and “massless” bubble,                , are scaleless. 

‣ vanish in dimensional regularization 

‣ Important caveat in massless bubble

Aloop
i =

�

box

d4I4 +
�

triangle

d3I3 +
�

bubble

d2I2 + rational,

I2(p2 = 0)

         ,              =0

I2(p2) =
�

d4��� /�2(� + p)2 = 1/(4�)2� + ...

p2
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• Cutting on the integral basis side 

• If  the product of  tree amplitude vanishes identically in massive 2-
cut, no contribution from the associated bubble, triangle and box.

Generalized Unitarity

cut[Aloop
i ] = d2 + f(�1, �2)Aloop

i

�1

�2

1
�2(�+p)2

cut��� 1

1
�2(�+p)2(�+p�)2

cut��� 1
(�+p�)2

1

2

1
2

1

2
1

�2(�+p)2(�+p�)2(�+p��)2

cut��� 1
(�+p�)2(�+p��)2
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2
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• Cutting on the integral basis side 

• If  the product of  tree amplitude vanishes identically in massive 2-
cut, no contribution from the associated bubble, triangle and box.
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RadCor-Loopfest

Accidental Cancellation in  

• Counterterm analysis for                            from            : 

‣ Recasting counterterms from 1PI diagrams only generates 
                                                       where scalar current 

‣ In standard basis,                                              

•             has a non-zero 4-scalar amplitude—forbidden to be generated by                        
            according to our theorem! 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[fig. from Alonso, Jenkins, Manohar, Trott: 1312.2014 ]
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Figure 2. Graphs with insertions of the X3 operator which cancel after using the equations of motion.

has been used to rearrange color indices and put operators into standard form. This identity

is valid for the fundamental representation of SU(Nc), but is not valid for arbitrary represen-

tations. Thus, the quadratic Casimir cF,3 is equivalent to (N2
c − 1)/(2Nc), and the fermions

must be in SU(Nc) fundamental or anti-fundamental representations.

2.3 Cancellations

The one-loop anomalous dimension matrix does not contain all possible terms that can arise

from the allowed one-loop graphs and the EOM. In a few cases, the entries vanish because

the graph has no divergent part. An example from Ref. [12] is the y4 contribution to γ27, or

H6 − ψ2H2D mixing.

There also are a few cases with interesting non-trivial cancellations which arise when

different contributions to the same anomalous dimension are added together after using the

equations of motion. An example is the contribution of insertions of the CP -even operators

X3 to the anomalous dimension from the graphs shown in Fig. 2. The divergent part of the

first graph is proportional to

A1 = −cA,2g2CWDµW I
µλDνW

I νλ − cA,3g3CGD
µGA

µλDνG
A νλ. (2.12)

The divergent part of the sum of the second and third graphs is proportional to

A2 = −ig22cA,2CWDµH
†τ IDνHW I

µν . (2.13)

There is no gluon term, since gluons do not couple to the Higgs field. The divergent part of

the fourth graph is proportional to

A3 = g22cA,2CWDµW I
µνj

I ν
ψ + g23cA,3CGD

µGA
µνj

A ν
ψ , (2.14)

where

jI µψ =
∑

ψ=q,l

ψ γµ
1

2
τ I ψ, jAµ

ψ =
∑

ψ=q,u,d

ψ γµTA ψ, (2.15)
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