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General tactic

Goal: Calculate the 3-loop massive ladder and V-diagrams
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Calculate the first coefficients in the e-expansion

Dyay = £ e
F_3(N)E_3 + F_Q(N)€_2 + F_l(N)E_l + F(](N)EO + ...

?



General | tactic

Consider the power series of D15(N):

Dy5(N) — D12 Z D1o(N

(holonomic closure properties)
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Consider the power series of D15(N):

D15(N) <— D12 Z D1o(N

(holonomic closure properties)



00
Z Dlg(N)l'N
N=0



General toctic - [
IBP (extension of REDUZE 2, A.v. Manteuffel) gives

Z Diy(N e1(xz,e) By (x) + ea(x,€)Ba(x) + . ...

+ ei(z,¢)Bi(x) + . .. ega(, €) Boa ()

with e;(x, e)=rational expression in x and ¢
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General toctic - [
IBP (extension of REDUZE 2, A.v. Manteuffel) gives

Z Diy(N e1(xz,e) By (x) + ea(x,€)Ba(x) + . ...
+ ei(x,€)Bi(x) + ... ega(x,€) Boy ()
Note: the Bz(w) can be represented as power series
(o)
= Z B;(N)z
N=0
Goal: Expand the 92 master integrals

Bi(N) =b_3(N)e™3 +b_o(N)e?+b_1(N)e™t +bo(N)® + ...



Z D1 (N e1(z,e)By(x) + ea(z,€)Ba(z) + ...

A~

+ ei(x,€)B;i(x) + . .. ega(, €) Bya ()

Note: the B;(z) can be represented as power series

= i Bi(N)zN
N=0

Goal: Expand the 92 master integrals

A

Bi(N) =b_3(N)e 2 4 b_o(N)e 2 +b_1(N)e ' +bo(N)" +...




Z Dis(N e1(z,e)By(z) + ea(x,€)Ba(z) + ...
+ei(,)Bi() + ... eoa(w,2) Boa (@) )

Note: the B;(z) can be represented /as power series

Bz
=0

Goal: Expand the 92 master integrals

~

Bi(N) = b_s(N)e3 “2 4 b (N)e ! + bg(N)® + . ..



Take the coefficient of zV ‘

Dis(N) = [zM] (el(:c, e)B1(z) + es(x,€)Ba () + . ..

Fei(z,6)Bi(x) + ... eqa(x, e)B92(x))

Note: the Bz(w) can be represented as power series

Bi(z) = Y _ Bi(N)a
N=0

Goal: Expand the 92 master integrals

A

~

Bi(N) = b_3(N)e=3 4 b_o(N)e~2 + b_1 (N)e~! + by(N)® + . ..



Toolbox 1: summation summation

Feynman integrals
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Toolbox 1: summation summation

Feynman integrals

J non-trivial transformations (DESY)

multiple sums

4 symbolic summation

compact expression in terms
of special functions




F(g N) _ d4+6k1 d4+6k2 d4+6k3 (A k)N
’ (27T)4+6 (27T)4+6 (27T)4+6 kg((kl—k3)2—m2)(k1—k2)2((k3—p)2—m2)

1?7

F_3(N)E_3 + F_Q(N)€_2 + F_l(N)E_l + FO(N)EO + ...



F(s N) _ d4+sk1 d4+sk2 d4+sk3 (AN
’ (27T)4+6 (27-‘-)44-6 (27-‘-)44-6 kg((kl—k3)2—m2)(k1—kz)z((kg,—p)z—mz)

where I'(a)T(b)
B(a,b) = I'(a+0b)



F(E N) _ d4+6k1 d4+6k2 d4+6k3 (Akg)N
’ (2m)4+e (2m)d+e (2m)4te ka((ki—ks)?—m?)(ki—k2)?((ks—p)>—m?)

k

- -
~~

- f_3(N’ k)g_3 + f—2(N7 k)€_2 + f—l(N= k)5_1 + ...

€ € e\ (N




F(s N) _ d4+sk1 d4+sk2 d4+sk3 (Akg)V
’ (2m)4+e (2m)d+e (2m)4te ka((ki—ks)?—m?)(ki—k2)?((k3—p)?—m?)

|
N
Z — 3 —1—§)><
2

= xB(2+k, )B(—5+k,—s)B(1—%+k,1+§)(i§)

= f_3(N, k‘)6_3 + f_g(N, k)8_2 + f_l(N, k‘)E_l

N

(Z F-3(N, k))€_3 + (kzi Fa(N, k))€_2 + (g_lf_l(zv, k))s_l +...

k=1



Fle,N) = d¥eky d*eky doks (Akz)N
& (27 )4+ (2m)+e (2m)Ate ME((a—ks) —m?) (k1 —k2)* (ks —p)°—m?)

€ € e (N

- f_3(N’ k)5_3 + f—2(N’ k)8_2 + f—l(N7 k)t‘:_l + ...

(o srs0em)e™ 4 (L ravm)e+ (L ramvm e+

k=1 k=1




Sim pI ify

N 2 3
Pyt (2+3k)(— 2+ 3k +Tk* +3k>)  2S5,(k) G
; < >( 3E2(1 1 k)P Tk T E)
where N
al sign(a)® 1
Sa(N):;T nd Ca —;Z_—a



Simplify

N
Foa(N) = (1)

k=1

_|_

w1 [N, (24 3k)(— 24 3k 4+ Tk* + 3K%)  28,(k) G
k( 3k2(1 + k)3 1+k 2(1+k))

J (summation package Sigma.m)

(16N? 4+ 144N? + 413N + 384) (N + 1)°F_1(N)
— (N +2)(2N +5)(16N° + 112N + 221N + 113) F_; (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_; (N + 2)

1 2 —64N° —500N*—1133N3 4203 N2 +3516 N +3090
:5(4N + 21N +29)¢2 + ST E)



Sim pI ify

2

_|_

s ,M( >((2+3k)(—2+3k+7k2+3k3) 25 (k) Co )
3k2(1 + k)3 T+k  20+k)

k=1

J (summation package Sigma.m)

(16N? 4+ 144N? + 413N + 384) (N + 1)°F_1(N)
— (N +2)(2N +5)(16N° + 112N + 221N + 113) F_; (N + 1)
+ (N +3)*(16N® + 96N? + 173N + 99) F_; (N + 2)

1 2 _ 5_ 4 3 2
:—(4N +21N+29)§2+ 64N° —500N 31(1]311;1)(}?2;\7 43516 N 4+3090

J (summation package Sigma.m)

— 4N —14N —13
{Cl N+l TNy
(4N —1)S1(N) (1 —4N)Si(N)? = (14N +13)S:1(N)
N+1 6(N +1) 3(N+ 1)2
175N? + 334N + 155 N (1 —4N)S2(N)
12(N +1)3 6(N +1) S(N + 1)

|01 c2 € Q}



Sim pI ify

2

_|_

o k+1( >((2+3k)(—2+3k+7k2+3k3) 255 (k) & )
3k2(1 4 k)3 1+k ' 2(1+k)

k=1

— 4N —14N —13
{Cl N+l TNy
(4N —1)S1(N) (1 —4N)Si(N)? = (14N +13)S:1(N)
N+1 6(N +1) 3(N+ 1)2
175N? + 334N + 155 N (1 —4N)S2(N)
12(N +1)3 6(N +1) 8(N + 1)

le1, c2 € Q}



Simplify

N
FL(N) =S (-1)
k=

1

+ )

w1 [N, (24 3k)(— 24 3k 4+ Tk* + 3K%)  28,(k) G
k( 3k2(1 + k)3 1+k  201+k)

|| (recurrence finding and solving)

1L 1.y1-4N  -14N-13
(13~ 5% N+l vy
(4N —1)S1(N) (1 —4N)Si(N)? = (14N +13)S:1(N)

N +1 6(N +1) 3(N +1)2
175N? + 334N + 155 N (1 —4N)S2(N) Ca
12(N +1)3 6(N +1) 8(N +1)



1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

N: extra parameter

N
F(N) = Z f(N, k); f(N, k): indefinite nested product-sum in k;
k=0

FIND a recurrence for F'(N)




1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

N
F(N) = Z f(N’ k); f(N, k): indefinite nested product-sum in k;
k=0

N: extra parameter

FIND a recurrence for F'(N)

2. Recurrence solving

GIVEN a recurrence ao(N),...,aa(N), h(N):
indefinite nested product-sum expressions.

ag(N)F(N) + -+ + ag(N)F(N + d) = h(N);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein /Petkoviek/CS, in preparation)




1.

2.

3.

Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

N
F(N) = Z f(N’ ]{); f(N, k): indefinite nested product-sum in k;
k=0

N: extra parameter

FIND a recurrence for F'(N)

Recurrence solving

GIVEN a recurrence ao(N),...,aa(N), h(N):
indefinite nested product-sum expressions.

ag(N)F(N) + -+ + ag(N)F(N + d) = h(N);

FIND all solutions expressible by indefinite nested products/sums
(Abramov/Bronstein /Petkoviek/CS, in preparation)

Find a “closed form”

F(N)=combined solutions in terms of indefinite nested sums.




Sigma.m is based on difference ring/field theory
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N

/ das/ dy/ dzT'(-1—¢/2)T Z VNI N=ite/2(1 — y)=e/2

Jj=0

NI — )72 (1 — 22) (1 — y2)°



N

/ dm/ dy/ dzT'(-1—¢/2)T Z VNI N=ite/2(1 — y)=e/2

J=0

NI — )72 (1 — 22) (1 — y2)°
]

N J N G4k .
D(—1—¢/2)T(—)D(1 — £/2) ZZ Wﬂcil (i:)

=0 k=0

XZ I'n—e)l'(n+N—-j+1+¢/2T(n+N—-j+k+2)
n'n+N—j+2)'(n+ N —j+k+2—¢/2)

|| symbolic summation



|| (50 min)
- _a 8N e 1 |ew-2) _acnVN
S| Tz Tz T A 85_2] T [<N+1)3 (N3 45192

Msz 655 + 4“"7;1) —8S1)S_3—4S_3+4S21 +85_91
1| =N24nyo , 2DV (N24N—3) 3=V 3
T { NpDA T (N+1)% 2(N+1)2 MY 252
—35_ 342 + (2(N+ D5y — 655 +482,1 +85_21 )61 — 2535, + 2T 55
a=nV 3-N2 8N 2v-1) 2
+g N2 +vgnz )S2 88528+ (~ (e — Tvan 48
+(N;1 452 S_g+452, +<2(57;1D7451)S_3+25_4+653)1

2(N—1)
TTNF S2,1 N1

AN D5 2,1 +45_22+4S_31 — 482,11 —8S_ 211}

(N— 4)(N2+4N+6) 3(N-2) 3(—)NN | 3(N—1)Sy

T ET T law s T emens T amEn 5512522 N
9 - 3 3 - -
’S3+I(2(N+1) 351 )S— 2_*5 3+§Sz,1 +3S—2,1 C2+(W

Sz—S 2 Cs——m (N3 +2N? — 2N

+N+1 (35]3725 174

—8S_21,1

3, N2
NG(;(?’V) 13)1" 9 _ 45, —452 1—125_51)82 —
— 5—3N 2
vz T 2(N+1)§) s+ NFT [—25
+ (128, +257 — 255

4(=1)N (N+3)

_2,1 — S2) +254+ 6531 +
S1+ N+152—353+2521+4S 2,1 )5t +

8(=1)

_4\N
—10) + L%Zsz + 3532

22+4§'\,31*45211
2(=1)"" (N+3)
DGO

2538, — 955 +45152,

— 383 -84+ (251 —1)S_3

1 —3831—25_22—25 31

+2S211 +4S_21 1] +

+8S2,1 —4S_ 21]5 2+ <7
a=n

S_o—S_4+8 z+25_

(N+KD?
— 257 425,

(S2,1+2S_91) +8S2, 3 —3541 —6S_93+85_o _

+4s2>51 — 457 - 853
)573 +2515_4—S_5+4523
3 —25_41+2S221

(VD2
—ég2+1 ) — 653,11 —125_ 51 2 —45_551 — 45 31,1 + 452,111 +85 21,11



[| (50 min)

R s(=nN

4
S| Tz T2
MSQ,GSH(«L;D,SSI

— 48, —85_2] + 5%[

1
*E{ OESE
—35_

4(71)N
+ T1)2 +T1)2_ Sa +3S3 + 254 +
+<N;1 485 )S_o 4452, + (2(}57;9

3-N2

_N24N49 | 2DV (N2EN-3)
+ + Z(NH)Q +

2(N—2)  4(=D)NN
(N+DF T (NeD3 45152
S_g—4S_3+4S21 +8S_ 21
3(—)N
=H" 3,

(N+1)2

N+1)4
3C2 + <2(N+ 2AN=1) g, — 653 +4S3,1 +8S_21)S1 — 25752 + 3<N 1)53
8N 2v-1) _432
T2 T NHT !
*451)5—3+25_4+653,1

—2(137_1)521—4(]\] Ds_ 21 +4S_22+4S_31 —4S21,1 —8S_211

N+1

<.

S_2,1,1,1(N) =
k3
J.A.M. Vermaseren, 1998; J. Bliimlein/S. Kurth, 1998

6C1HNT 5-3N2 _252,
vz T (N +1)2 Ss + NFT [ 25Z
+ (128, +257 — 255

4N (N+3)

— 383 -84+ (251 —1)S_3

8(=1)

3(N—1)S
eyt LI

2=V -1

+3S_ 21:|1C2+<m2—
4( 2

3,1+ 20N ELS 2,1,1
2 _
2,1)51 + <—3—(N+1)

— 25955 — §S5 4+ 45152

1 —3831—2S_22—§S_31
8

w

+282,1,1 +4S_211| +

+852,1 —45_ 21]5 2+ <W — 257 + 25,
(S2,1+2S_91) +8S2, 3 —3541 —6S_93+85_o _

4(=nN

S_o—S_4+8 z+zs_

(NK1)?2

+4s2>51 —4s3- &
)573 +2515_4—S_5+423
3—25_ W 25201

e
—ég2+1 ) —653,1,1 — 128 91,2 —4S_ 221 —4S 31,1 +4S2,1,1,1 +85_2/1,1,1



Toolbiex 1: summation summation |
Goal: Expand the 92 master integrals

Bi(N)
By (N) . .
54 by symbolic summation

Bsa(N)



r (N+1 /2 e
F(N) = (()+N+2 ) dx/ dy/ dzx/2 /2%

x (1—2)" ?_223+N+1(1 —22) (1 = y2) Pz +y - )N



r (N+1)
F(N) = (()+N+2 dx/ dy/ dz x/%y/? x

x (1 —z)_?_zz§+N+1(1 —22) (1 = y2) Pz +y - )N

2 €
——|(—1—N—=) F, —2F, + 2F
3£+2[( 2) ' ? ’

with
X =& () TITNNIN(= 3T (1 4 N)D(—§ +m)
Fl—jgongo";o (1+ & + 37+ m)jlmin! )

I(=§+n)C(1+§+n)P(1—j+N)T(1+ § +m+n+N)
= J+N)'F(2+ +N)F<2+ R (e

3ey
T P(—e)T(—£)(1+ N)I'(—§ + R+ 5 +k + N)?
=) KICE+5+NI(A-5+k+NI2+5+E+N)

)

S (=D)TITNA 4 5 +H)NID(- )
1+ 5 +J5+m)jlmin!

T(14 N)T(= §4m)T(= S +m)T(1+ 5 +m)T(1—j+N)T(1+§ +mEntN)
(—i+N)ITR+5+N)T(2+ 5 —j+n+N)T(1— E+m+n+N)




r (N+1)
F(N) = (()+N+2 d:r/ dy/ dz 25?2y /? x

X (l—z)_?_ z§+N+1(1 —xz)e/Q(l—yz)€/2(m+y— 1)N

2 9
a1 o —1—N— ) Fy} —2F: 2F
3e+2 [( 2) 1 b+ 2F3
with
p=s S 3 CNTTTNINC SN0 L IS 4 m)

(I+ 5§ +J+m)jlmin!

£+n)C(1+§ +n)P(1—j+N)T(1+ § +m+n+N)
X = J+N)'F(2+ +N)F(2+i—g+n+N)F(1 etmtntN)’

3ey
T P(—e)T(—£)(1+ N)I'(—§ + R+ 5 +k + N)?
=) KICE+5+NI(A-5+k+NI2+5+E+N)

)

P 3P b o muLS VLN &
=0 n=0m=0 1+ 5 +J5+m)jlmin!

LA+N)T(= §+m)D(=§+n) T (14§ +n)T(1—j+N)P(1+ 5§ +m4n+N)
(—i+N)IT2+5+N)T(2+5 —i+n+N)F(A—e+m+n+N)

Summation yields the expansion up to £!. But: it is needed up to &*



Toolbox 2: Symbolic integration

1 1 1
F(N) = /0 da:/o dy/o dz ﬂv‘€/2y€/2(1—z)‘376_2z%+]\[+1(1—asz)‘f/2

x (1—y2)*(z+y— 1)~



Toolbox 2: integration and recurrence solving _
Toolbox 2: Symbolic integration

1 1 1
F(N) = /0 da:/o dy/o dz ﬂv‘€/2y€/2(1—z)_%e_2z%+N+1(1—asz)‘f/2
x (1—y2) (@ +y - 1Y

\l/ Ablinger’'s package MultiIntegrate.m

ap(e, N)F(N) +ai1(e, N)F(N + 1) + as(e, N)F(N + 2)
+as(e, N)F(N + 3) + a4(e, N)F(N +4) + as(e, N)F(N +5) =0



Toolbox 2: Symbolic integration

1 1 1
F(N) = /0 dm/o dy/o dz 3U‘€/2,7f:/2(1—,z)_g)?edzgﬂvﬂ(l—an‘z)‘f/2

x (1—yz)P(@+y -1V
\l/ Ablinger’'s package MultiIntegrate.m

ap(e, N)F(N) +ai1(e, N)F(N + 1) + as(e, N)F(N + 2)
+as(e, N)F(N + 3) + a4(e, N)F(N +4) + as(e, N)F(N +5) =0

» Based on a fine—tuned multi-variate Almkvist-Zeilberger

implementation (with extra features)

M. Apagodu and D. Zeilberger. Adv. Appl. Math. (Special Regev issue), 37:139-152, 2006.

J. Ablinger, Ph.D. Thesis, JKU, 2012, arXiv:1305.0687 [math-ph]

J. Ablinger, J. Bliimlein, M. Round and C. Schneider,PoS LL 2012 (2012) 050 [arXiv:1210.1685 [cs.SC]

» Total computation time: about 9 hours



Deriving the e-expansion from the recurrence (with Sigma.m)
aole, N) [ F (V)]
-mﬂaNﬂmN+¢ﬂ
+

+%@NNHN+M
= h_3(Nj€_3 + h_Q(N)S_Q + h_l(N)S_l —+ ...

IVEN (in terms of indefinite nested sums and products)



Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) [F_g(N)s—?’ FF o (N)e 24 Fy(N)e™t + .. ]

-mﬂaNﬂmN+¢ﬂ
N

+%@NNHN+M
= h_3(Nj€_3 + h_Q(N)E_Q + h_l(N)E_l —+ ...

IVEN (in terms of indefinite nested sums and products)



Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) [F_g(N)s_?’ FF o (N)e 24 Fy(N)e™t + .. ]

+ay(e, N) [F_g(N +1D)e B+ Fo(N+1)e 2+ F (N4 1)t +.. }
+

+aq(e, N) [F(N + d)}
= h_3(Nj€_3 + h_Q(N)E_Q + h_l(N)E_l —+ ...

IVEN (in terms of indefinite nested sums and products)



Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) [F_g(N)e—?’ FF o (N)e 24 Fy(N)e™t + .. ]

+ay(e, N) [F_g(N +1D)e B+ Fo(N+1)e 2+ F (N4 1)t +.. }
+

+aq(e, N) [F_g(N b d)ed + Fo(N +d)e2+ F_(N +d)e! + .. ]
= h_3(Nj€_3 + h_Q(N)E_Q + h_l(N)E_l —+ ...

IVEN (in terms of indefinite nested sums and products)



Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) [F_g(N)s_3 FF o (N)e 24 F(N)e™ ! + .. ]
+a1(g,N) [F_g(N +1D)e P+ Fo(N+1De?+F  (N+1)e ' +.. }
_l’_

+ag(e, N) [F_g(N b d)ed + Fo(N +d)e2+ F (N +d)e! + .. ]
= h_3(N)€_3 + h_Q(N)E_Q + h_l(N)E_l =+ ...

| lowest terms must agree

| a0(0.N)F_5(N) + a1(0, N)F_g(N+1) + - + ag(0, N)F_3(N+d) = h_5(N)]|




Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) | Fg(N)e™ 4+ Foa(N)e 2 4+ Fy (N)e™ 4.
+a1(g,N) [F_g(N +1D)e P+ Fo(N+1De?+F  (N+1)e ' +.. }
_l’_

+ag(e, N) [F_g(N b d)ed + Fo(N +d)e2+ F (N +d)e! + .. ]
= h_3(N)€_3 + h_Q(N)€_2 + h_l(N)E_l =+ ...

| lowest terms must agree

| a0(0.N)F_5(N) + a1(0, N)F_g(N+1) + - + ag(0, N)F_3(N+d) = h_5(N)]|

REC solver: Using the initial values F_3(1), F_3(2),... determines
F_3(N) in terms of indefinite nested sums and products.



Deriving the e-expansion from the recurrence (with Sigma.m)
ao(e, N) | Fg(N)e™ 4+ Foa(N)e™2 4+ Fy (N)e™ + ..
+ay(e, N) [F_g(N +1D)e B+ Fo(N+1D)e 2+ F (N+1)et +.. }
_l’_

+aq(e, N) [F_g(N b d)e3 + Fo(N +d)e2+ F_ (N +d)e! + .. ]
= h_3(N)€_3 + h_Q(N)E_Q + h_l(N)E_l =+ ...

|} lowest terms must agree

| a0(0,N)F_3(N) + a1 (0, N)F_3(N+1) + - + aa(0, N)F_3(N+d) = h_3(N)]|




Deriving the e-expansion from the recurrence (with Sigma.m)

= h_3(N)€_3 + h_Q(N)€_2 + h_l(N)E_l 4+ ...

|} lowest terms must agree

| a0(0,N)F_3(N) + a1 (0, N)F_3(N+1) + - + aa(0, N)F_3(N+d) = h_3(N)]|




ap(e, N) [F_Q(N)E_Q +F_ (N)e ' + .. }

+ai (e, N) [F_Q(N+1)6_2 FF  (N+1)e ! 4. ]
_l’_

tagle, N) [F_2(N+d)e—2 FE (N +d)et+ }
=h 3(N)e 3 +h o(N)e 2 +h (N)e ' +...



ag(e, N) [F_Q(N)s—2 FF(N)e it ]

+ai(e,N) [F_Q(N—i—l)s_Q FF (N4 4. }
+

tag(e, N) [F_Q(N—l—d)e_z FE(N+d)et+ ]
= h (N e 3 +n 5(N)e 2 +n' ((N)e™t +...
~——

=0



ap(e, N) [F_g(N)a_2 + F_ (N)e ! + .. ]

+ai (e, N) [F_Q(N—i—l)s_Q FF  (N+1)e ! 4., ]
_l’_

taa(e,N) [F_2(N+d)e—2 FE(N+d)e . }
=R o(N)e 2+ 1 (N)e ' +...
Now repeat for F_5(N), F_1(N),...

Bliimlein, Klein, CS, Stan, J. Symbol. Comput. 2012; arXiv:1011.2656[cs.SC]
Ablinger, Bliimlein, Round, CS, LL2012, arXiv:1210.1685 [cs.SC]



ao(e, N)F(N) + a1(e, N)F(N + 1) + az(e, N)F(N +2)
+as(e, N)F(N +3) + as(e, N)F(N +4) + as(e, N)F(N +5) =0

F(N)=F 3(N)e 3 + Fo(N)e 2 4 -+ Fy(N)e* + ...




ao(e, N)F(N) + ai(e, N)F(N + 1) + az(e, N)F(N +2)
+az(e, N)F(N + 3) + as(e, N)F(N +4) + as(e, N)F(N +5) =0

F(N)=F 3(N)e 3 + Fo(N)e 2 4 -+ Fy(N)e* + ...




The coefficients:

ao(e, N) = (N + 1)(N +2) (8% + 1046 (N + 3) + 4¢® (96 N2 + 601N + 887)
+4e" (12N® + 414N? + 1583N + 1393)
— 8¢5 (264N* + 2436 N® + 8643N? + 14518N + 9947)
—16¢° (156 N° + 1690N* + 6847N3 + 12661N? + 9537N + 717)
+32¢* (68N + 1158 N + 8155N* + 30114N? + 61712N? 4 67616 N + 31693)
+ 643 (40N + 560N° + 2755N° + 3729N* — 14194N> — 61920N? — 89140N — 46600)
—128¢%(N +2)(12N7 + 254N + 2249N° + 10758 N* + 30173N> + 50610N2
+ 49122N + 22706)
+ 256e(N + 2)%(N + 3)(N + 4)(44N* + 501N + 2044N? + 3455N + 1976)
—512(N + 1)(N + 2)*(N + 3)2(N + 4)(6N? + 47N + 95)),
a1(e, N) = (N +2)( — 22e** — 2e*0(157N + 435) — &®(1500N2 + 8611N + 11745)
— 8(2548 N3 4 22036 N2 4 63597N + 54229)
+ 4" (266N* + 1857N3 + 6065N? + 14351N + 15987)
+8¢%(994N® 4 12961N"* + 67246 N® + 174692N> + 226821 N + 116092)
+ 162° (336 N® + 5348N° + 33569N* + 104918N* + 165290N? + 108259N + 6100)

an Al anaarT . memaarh L aa



The coefficients:

az(e, N) = (12¢'% + 12 (17N + 45) + 2610 (620N2 + 3553 N + 4795)
+ 29 (1504N° + 14190N? + 41901N + 38907)
+ 48 (172N* + 4983N3 + 30942N? + 69119N + 50850)
— 4¢" (1996 N° + 24056 N* + 113313N> + 269119N? + 337198 N + 185290)
— 162°(450N° + 8210N° + 59749N* + 227386 N> + 486841N? + 563176 N + 275664)
+162° (340N + 4314N° + 19137N° + 25532N* — 55105N° — 206516 N2 — 191528 N
— 23458)
+ 32e* (140N + 2940N7 + 26550N° + 139926 N° + 493839N* + 1240186 N3
+ 2161699N? + 2304248 N + 1100084)
+ 64 (4N + 506 N® + 8651N7 + 63510N° + 236215N° + 395334N* — 105413N3
— 1551017N? — 2362944N — 1217770)
—128¢2(N + 3)(12N° + 314N® + 3782N" + 29105N° + 160727N° + 640273 N*
+ 1750874 N® + 3052505N2 + 3017094N + 1276604)
+256(N + 2)(N + 3)%(N +4) (26 N° + 825N° + 8967TN* + 46529N3 + 125411 N>
+ 168628N + 88652)

Faa/AaT o aNIAT 0 enN2/ar
RISC, J. Kepler University Linz



The coefficients:

as(e, N) = (— 64e'? — 8™ (113N + 298) — 82! (519N + 2948N + 3896)
— 4¢%(1444N® + 13839N? + 39746 N + 34305)
+ 4e®(1948N* + 17868 N3 + 63837N? + 112966N + 84655)
+ 167 (1456 N5 + 20460N* + 112365N3 + 304963N? + 412258N + 221769)
— 82%(320N° + 2050N° + 4192N* + 27408 N® + 174901N? + 411759N + 324872)
— 165 (1756 N7 + 33154N6 + 265889N° + 1186719N* + 3218059N3 + 5349388 N>
+ 5071913 + 2113696)
+ 32e* (188N® + 4802N7 + 59527N® + 439922N° + 2025336 N'* + 5813984 N3
+ 10076450N2 + 9621283N + 3878602)
+ 6423 (140N 4 2768N® + 22500N7 + 99545 N° + 287700N° + 723136 N*
+ 1854572N° + 3714620N? + 4272517N + 2031600)
—128¢% (24N + 830N? + 14362N® + 152630N 7 + 1053620N° + 4834279 N°
+ 14824351N* + 29964399 N3 + 38244797TN? + 27875896N + 8824032)
+256(N + 2)(N + 3)(N + 4) (118N7 + 2639N° + 24247N° + 118311N* + 3295653
+ 520306 N2 + 426076 N + 136854)

a4/ AT o aNsAT . AND AT



The coefficients:

as(e, N) = (64'? +192¢M (5N + 14) + 16¢'° (297N? + 1769N + 2451)
+16¢% (453N 4 4462N? + 13094N + 11244)
— 8% (1084N* 4+ 11117N3 + 47258 N? + 103981N + 94650)
— 87 (3304N® + 51138N* + 311957N> + 948722N? + 1440105N + 858544)
+ 162° (420N 4 5507N® + 36275N* + 169650N° + 536911 N2 + 952507N + 694370)
+ 16° (1828N7 + 38868 N® + 353301N° + 1801014N* + 5604391N° + 10664390N2
+ 11433064 N + 5260048)
— 32¢*(316N® + 8356N7 + 105800N° + 802421 N° + 3836854N* + 11588223 N3
+ 21401558 N2 + 22066744 N + 9745752)
— 643 (116 N? 4 2424N8 + 19923N7 + 82966 N + 208191 N° + 530980N* + 1847484N3
+ 4687014N? + 6120858 N + 3111104)
+ 12822 (24N + 826N + 14897N® + 172000N” + 1314686N° + 6710299 N°
+ 22873183N* + 51208261 N3 + 72551278 N2 + 58573022N + 20544948)
— 256¢(N + 2)(N + 3) (106 N3 + 3278N7 + 42903N°® + 310942N° + 1366350 N*
+ 3729418 N® + 6173159N? + 5657732N + 2191212)

L omansAT o oaN/saT o AaND AT L ey



The coefficients:

as(e,N) = (N +5)( — 128" — 128¢'0(11N + 26) — 32¢% (115N2 + 592N + 647)
+ 32e®(63N3 + 430N? + 1665N + 2384)
+16¢” (714N* + 7881N3 + 33802N? + 66225N + 47654)
—16¢5(234N® + 2444N* + 13989N3 + 50862N2 + 104083 N + 87848)
— 16¢° (580N® + 10181N® + 76586 N* + 319207N* + 772120N? + 1012046 N + 547832)
+16e* (244N + 5456 N° + 61605N° + 401216 N* + 1536277N > + 3408574N >
+ 4066436N + 2026928)
+ 643 (26N® + 357N 4 583N6 — 11139N° — 65193N* — 120264N3 + 11864 N>
+ 272830N + 222624)
— 64e?(N + 3)(12N® + 298N7 + 4684N° + 49024 N5 + 306907N* + 1122441N3
+2350650N? + 2607576N + 1185072)
+256e(N + 2)(N + 3)(25N7 + 743N6 + 8856 N° + 55358 N* + 197497 N> + 404131N2
+ 439902N + 196128)
—256(N + 1)(N + 2)*(N + 3)2(N + 4)(N + 6)(N + 7)(6N? + 35N + 54))



ao(e, NYF(N) + ai(e, N)F(N + 1) + az(e, N)F(N + 2)
+as(e, N)F(N +3) + as(e, N)F(N +4) + as(e, N)F(N +5) =0

F(N)=F 3(N)e 3 + Fo(N)e 2 4 -+ Fy(N)e* + ...




The initial values

Py~ 2 40 1393 4 32 9601 5¢y | 49¢s
Je) = - 486 T I8 T 22y T8
27e3  27e2 e 1944 9 54
565207  1393¢»  1151¢3  137(3
+¢( + + 2 )
69984 1296 1440 54
o, 1150003  9601¢>  1619¢3  17831C3  49(2C3 2655
+e*(— - - + + + )
93312 5184 720 3888 144 72
3184376401  565207¢C;  420979¢3  449843C§  103607Cs
10077696 186624 103680 241920 15552
137 259¢3  191¢5 4
- — - - + O(e™),
1112 e ) HoE)
1 11 J9 482 9773 11¢, 41y
F(3,e) = — — =222 20 _ — - —=
63 48¢2 B 9216 128 48
N (2157295 703 979¢3 931c3)
< -
1990656 = 9216 1280 384
L2 (o 60535183  0773¢;  22289¢3 L 137891 416aGs 12o1c5)
15925248 24576 10240 27648 128 320
53(2116767175 | 215720562 3208669¢3 N 406711¢5  550229¢3
1146617856 = 5308416 737280 215040 73728
931¢aC3  239¢2  27611Cs
- - =3 )+ 0(eh),
1024 768 2560



The initial values

102181 8¢o
Fae o S _ 1 Toi380 + & 5738207  437¢; | 196C3
’ 225¢3 33752 € 2430000 2250 225
1681164919  102181(>  583(3 17059c3)
c _
486000000 270000 750 6750
b 423112175849  5738207¢2 407231¢3 N 4288637(3 N 49¢5C3 N 1412c5)
58320000000 6480000 180000 810000 150 375
2 3
63( 157023072517301 1681164919¢o 102416383¢5 239203¢5
20995200000000 1296000000 21600000 126000
155753563C3  17059C2C3  14¢5  499097(s s
_ _ _ _ TS 4,
19440000 18000 45 45000
7583 <2
F(5.¢) = _ar oosen + 3e 1666837  17¢; 113G
’ 27¢3 1622 € 1296000 432 108
187423951 7583(a 2707(% 19769¢3
e _
155520000 259200 2880 6480
+52( _ 6827006887 _ 1666837(o _ 474031(% : 5247499¢3 n 113¢2¢3 n 3361(5)
1244160000 3456000 172800 777600 288 720
2 3
+53(40517946316703 " 187423951¢2 " 125902061¢5 " 227531¢5 B 321933739¢3
20155392000000 414720000 20736000 96768 31104000
19769¢2C3  671¢2  118121¢5
- -3 - ) +0(eh,
17280 1728 8640



The initial values

B(6,6) = 4 22 535 003y % 1049958721 535y T75(3
1473 20582 e 871274880 5488 588
1873033251331  630043C  3709¢3  321149¢3
677658240000 3292800 3136 82320
2(- 181315012201471 1949958721, T694201¢3  86628433¢3  775(a(3
20910597120000 2323399680 2195200 9878400 1568
22931¢5
3920 )
3, 73004792897853520153  1873033251331Co  2075932177¢3  T763069¢5
12910202661888000000 1807088640000 263424000 2634240
| 2376849605501C3  321149¢a¢3  4573¢3  1911379¢s )+ oY
174254976000 219520 9408 109760



ao(e, N)F(N) + a1(e, N)F(N + 1) + az(e, N)F(N +2)
+as(e, N)F(N +3) + as(e, N)F(N +4) + as(e, N)F(N +5) =0

F(N)=F_3(N)e™® + F_o(N)e >+ -+ Fy(N)e* + . ..
RISC, J. Kepler University Linz [




We get:

_ 8(=n¥ 8(2N +3)
F-s(N) T3N+ (N +2) | 3N+ D2(N +2)




We get:

_ 8(=n¥ 8(2N +3)
R”MU_aN+4xN+2) 3(N + 1)2(N +2)
Foa(V) 4(—1)N (3N3 + 18N? + 31N +18)  4(6N> +32N? + 51N + 26)
—2 = — —

3(N + 1)3(N +2)2 3(N + 1)3(N + 2)2



We get:

B 8(—1)N 8(2N +3)
Fos(N) T3N+D(N+2) 3N+ 12N +2)
[ 4(-1)N (3N3 +18N2 + 31N +18)  4(6N? 4 32N? + 51N + 26)
—2(N) = - 3(N + 1)3(N + 2)2 T B3(NF1)3(N +2)2
_ 2(9N® + 81N + 295N3 + 533N?2 + 500N + 204) 2
Foa(N) =(=1)( BN+ DN 1 2)8 A T
2(18N® + 150N* + 490N3 + 755N2 + 536N + 132) (2N +3)¢o
+ 3(N £ DN 1 2)3 (N+1D2(N +2)
4 4(-1)N
+(- N+t T v 1)(N+2))S2(N)
4(-1)N 4(N +9)
M T TN STy Ty DAY



We get:

B 8(—1)N 8(2N +3)
Fos(N) T3N+D(N+2) 3N+ 12N +2)
[ 4(-1)N (3N3 +18N2 + 31N +18)  4(6N? 4 32N? + 51N + 26)
—2(N) = - 3(N + 1)3(N + 2)2 T B3(NF1)3(N +2)2
_ 2(9N® + 81N + 295N3 + 533N?2 + 500N + 204) 2
Foa(N) =(=1)( BN+ DN 1 2)8 A T
2(18N® + 150N* + 490N3 + 755N2 + 536N + 132) (2N +3)¢o
+ 3N+ DA(N 428 (N+1D2(N +2)
4 4(-1)N
+(- N+t T v 1)(N+2))S2(N)
4(-1)N 4(N +9)
*Garne Ty swvrzv ey oW
Fo(N) =
Fi(N) =
F>(N) =
F3(N) =
Fy(N) =



Toolbox 2: integration and recurrence sohving ||
We get:
8(—)N 8(2N +3
Fg(N) = (=1 ( 5 )
3(N+1)(N+2)  3(N+1)2(N +2)
4(-1)N (3N3 +18N2 + 31N +18)  4(6N? 4 32N? + 51N + 26)

Foa(N) = - 3(N + 1)3(N + 2)2 T B3(NF1)3(N +2)2
_ 2(9N® + 81N + 295N3 + 533N?2 + 500N + 204) 2
Foi(N) =(—=1)N( 3(N + DA(N +2)° + (N+1)(N+2))
2(18N® + 150N* + 490N3 + 755N2 + 536N + 132) (2N +3)¢o
+ 3(N + 1)4(N +2)3 (N +1)2(N +2)
4 4(-1)N
T mrery T e W
4(-1)N 4(N +9)
Gy s ey o) o)
Fo(N) = ; . '
FUN) = 819 S-sums (algebraically independent!) pop up
F>(N) =
F3(N) =
Fy(N) =




We get (in about 2 hours):
8(—1)N 8(2N +3)
3(N + 1)(N +2)  3(N+1)2(N+2)
)N (8N3 4+ 18N2? + 31N +18)  4(6N3 + 32N2 + 51N + 26)

F_3(N) =

Foa(N) = - 3(N +1)3(N +2)2 T BN+ 13(N+2)2
N 2(9N + 81N* 4+ 295N3 + 533N2 4 500N + 204) 2
Fa(N) =(-1)7( 3(N + DN +2)3 NI L)
N 2(18N5 + 150N* 4+ 490N3 + 755N2 + 536N + 132) (2N +3)¢2
3(N + 1)*(N +2)3 (N +1)2(N +2)
4 4(=1)N
o mree T )W
4(-1)N 4(N +9)
TGNy s e 1) 2
Fo(N) = ; . '
Fi(N) = 819 S-sums (algebraically independent!) pop up, e.g.,
F(N)=... S 2,1,1,1,1(2, -1,1,1,1,1 N)
F3(N) =... Jlklllml
Fy(N) =...
W) —Z%Z ZngZng
j= k=1 [=1 m=1 n=1
S. Moch, P. Uwer, S. Weinzierl, 2002




Toolbox 2: integration and recurrence solving _
Goal: Expand the 92 master integrals

54 by symbolic summation

8 by symbolic integration and recurrence solving




Toolbox 2: integration and recurrence solving _
Goal: Expand the 92 master integrals

54 by symbolic summation
Bsy(N)

Bss (N
Bsg(N) . . :
. 8 by symbolic integration and recurrence solving

Bea(N)

Bgs(N)
Bgs(N) | no suitable representations for symbolic summa-
: tion /integration

Boa(N)

/



Toolbox 2: integration and recurrence solving _
Goal: Expand the 92 master integrals

By(N
By(N

~— —

54 by symbolic summation
Bsy(N)
Bss(N) )

Bsg (V) . : :
) 8 by symbolic integration and recurrence solving

Bi(N) — By(z) = i Bi(N)zN
N=0

Bga(x) )



Toolbox 2: integration and recurrence solving _
Goal: Expand the 92 master integrals

By(N
By(N

~— —

54 by symbolic summation
Bsy(N)
Bss(N) )

Bsg (V) . : :
) 8 by symbolic integration and recurrence solving

Bga(x) | REDUZE_2 (A.v. Manteuffel) produces a
: (recursively organized) coupled differential system

Bga(x) )



Toolbox 2: integration and recurrence solving _
Goal: Expand the 92 master integrals

By(N
By(N

~— —

54 by symbolic summation
Bsy(N)
Bss(N) )

Bsg (V) . : :
) 8 by symbolic integration and recurrence solving

Iy(x) | REDUZE_2 (A.v. Manteuffel) produces a
' (recursively organized) coupled differential system

I3() )



Toolbox 3: Solving coupled
differential equations



Toolbox 3: Solving coupled equations _
The coupled system for I (), Io(x), I5(x)

)

. —1— 2 . R
I(z) _(B(ig);rﬂcxm 2_5(90—1)9% - 0+ ) I(x) Ry(x)
e g(oe xr— —2— x x —4E—XTEXT - ~

Do | L(z) | = | — 4(z—1;z 2(51)28 2(z— 1)z 2(7) |+ (z)

2
I3(2) Z(f;jf) By il Ty 3(*) —Fa()
where
A By(z)
Ri(z) =——
1(@) (x — 1)’
X (e +2)3 . (e +2)(3e + 4) (192 + 36¢ + 16) .
Ro(z) = B (z) — B
2(%) =5 D@ - e @ 162(52 + 6)(z — 1)z 2(2)
(e +1)%(3e +4)? . —24 — 50e — 252 + 8z + ldex + 6%z 4
- 3(z) — Bu(z)
2 (5e + 6) 4(5¢ + 6)(z — 1)z |

Bi(z) |, Bo(z), Bs(x) have been solved with symbolic summation.




~

Dxfl(:c) =— (_€+x_1)f1(56) - ﬁb(x)

(z—1)z
R 3(e+4)2-22(e+4)+40) »
D) = 20 g
R ) — T
(e+4)%(62—25)—2(e+4) (17T —T75)+482—224)
+ % ( (5e+6)(z—1)x ) By (CC) t...
A 3(e44)? (x—2)—22(e+4)(z—2)+40x—80) »
D, I3(x) = — (e 4(z(i1);2(x Jroe )11(1‘)
+ ((€+4)(32:E;_5)1)—9611x+18) f2 (CC) . (—(6+42)((;t:12));—5z—8) fg (CC)
(e4+4)2(62—25)—2(e+4) (172 —T75)+482—224) ~
B % ( (5e+6)(z—1)x ) By (IL‘) t...




(z—1)z (z—1)z
R 3(e+4)2-22(e+4)+40) »
D) = 20 g
R ) — T
(e+4)%(62—25)—2(e+4) (17T —T75)+482—224)
+i ( (5e+6)(z—1)z ) Bi(z) + ...
A 3(e44)? (x—2)—22(e+4)(z—2)+40x—80) »
D, I3(x) = — (e 4(z(i1);2(x Jroe )11(1‘)
+ ((€+4)(32:E;_5)1)—9611x+18) f2 (CC) . (—(6+42)((;t:12));—5z—8) fg (CC)
(e4+4)2(62—25)—2(e+4) (172 —T75)+482—224) ~
B % ( (5e+6)(z—1)x ) By (J;) t...




Teolbex 3: Solving coupled enuations |
Step 1: From a DE system to a REC system




Teolbex 3: Solving coupled enuations |
Step 1: From a DE system to a REC system

(x — DaDyI(z) = — (—e 4+ 2 — 1)1 (z)
—Qfg(l')
+ Bi(z)+ ...



Teolbex 3: Solving coupled enuations |
Step 1: From a DE system to a REC system

(z—1zDy Y L(N)zV =~ (—e+2-1) Y L(N)z"
N=0 N=0
—2)  L(N)zV
N=0
+ ) Bi(N)aN +
N=0



Teolbex 3: Solving coupled enuations |
Step 1: From a DE system to a REC system

(x — Dz

1
S~
E
=
&

b
1
|
T
[©)
+
I
|
K
S~
=
&
=



Teolbex 3: Solving coupled enuations |
Step 1: From a DE system to a REC system

(x — Dz

1
S~
=
=
&

b
1
|
T
o™
+
I
|
=
K
S~
=
&
=

4 Nth coefficient

NI (N —1) — (¢ + N + D)} (N) + 2I5(N) = By (N) + ...



NIi(N —1) — (e+ N+ 1)I1(N) + 2I(N)

~ 3(e+4)2—22(e+4)+40) »
Dyly(x) = (s )4(z—(16) : )11(90)
+ CEEER (@) - 55 ()
(e4+4)2(6x—25)—2(e+4)(17x—T75)+482—224) »
+ % ( (5e46)(z—1)x ) By (J;) t...
A 3(e+4)% (z—2)—22(e+4)(z—2)+40z—80) »
DyI3(z) = — ( - 4(zi1)x )Il(x)
+ ((E+4)(?;C€z—f?l;xllm+l8) j2($) _ (—(E+42)((x$:f));-5x—8) f3(m)
(e+4)2(62—25)—2(e+4) (172 —75)+48x—224)
- i( o6 @17 )Bl(w) T



A coupled system of difference equations

NILi(N —1) = (e + N+ 1)[1(N) + 2I5(N)

2(e +2N +2)I5(N) —2(3c + 2N + 1)I(N — 1)
+e(Be+2) (N —1)—2(c+ D)I(N — 1)
2(e+1)(3e +4)
5¢ + 6
4(e — N)I3(N) — 2e(3e +2) 1 (N) 4 £(3c + 2) [} (N — 1)
—2(3e + 1)Ix(N — 1) 4+ 2(5e + 2)I5(N)
—2(e — 2N + 1)I3(N — 1)
2(e+1)(3e +4)

=— TBl(N— 1)+ (5e +4)B1(N) + . ..

=(5e +4)B1(N) — Bi(N—-1)+...



A coupled system of difference equations

NI (N —1) — (e + N+ 1)I1(N) + 2I3(N)

4(N+2) -3 2(2N+1 2(6N24+13N+8 9
:—i_\’igN+1;‘E +< (N+1))Sl( )_%)E + ...

2(e + 2N + 2)I5(N) — 2(3c + 2N + 1) ,(N — 1)
+e(3e+2)[1(N — 1) — 2(e + 1)I3(N — 1)
=877 4 (451(V)? — 2 S (N) + 48,(N) + G +6 )=
4(e — N)I3(N) — 26(3e + 2)[1(N) + £(3¢ + 2)I; (N — 1)
—2(3e 4+ 1)Io(N — 1) + 2(5e + 2)Ir(N)
—2(e — 2N + 1)I3(N — 1)

== 370 (35u) - 4)e 2
- (%Sl(N)2 — AN ) (N) 4 495(N) + G + 6)5_1



Step 2: Uncouple the system

OL(N — 1) + O (N) + OL(N)
=03 +0e 240 +...
OL(N) + OL(N — 1) + OL (N — 1) + OI5(N — 1)
=0e3+0e+. ..
OI3(N) + OL(N) + OL(N — 1) + OL(N) + O5(N — 1)
=03 4+0e 240 +...




Step 2: Uncouple the system

OL(N — 1) + O (N) + OI(N)
=03 +0e2+0e 1+ ...
OL(N)+OL(N —1)+0L(N —1)+0OI3(N — 1)
=0e3+0e+. ..
OI3(N)+O0OL(N)+0OL(N — 1)+ 0OL(N)+0OI3(N - 1)
=0e 3 +0e2+0e 4. ..

J (uncoupling algorithms®, S. Gerhold's OrseSys.m)

OL(N)+0L(N+1)+0L(N +2)+06L(N +3)
=03+ 024+ 0e 1 +...
I5(N) = expression in I;(N)
I35(N) = expression in I (N)

@ We use Ziircher's uncoupling algorithm (1994)



More precisely, we get:

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)
4N +2) _5 2(4N*+35N° +101N? + 105N +25) _,

Ty 3N+ DN +2)(N +3)° ¢




Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)
—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)

4N +2) _5 2(4N*+35N° +101N? + 105N +25) _,

- _ e €
3(N +3) 3(N 4+ 1)(N + 2)(N + 3)2
[1(1) — a% 1126532 + (15C2+1223) 4. using, e.g., af1 extension of
7 (2) _ 130 _ 695 +(65C2 n 46379) -1 n MATAD (M. Steinhauser)
1 273 B4e2 o 1944 T or tools given in
I1(3) = 285 — 295 4 (1092 4 4I00TL) =1 . [arxiv:1405.4250 [hep-ph]]



Step 3: Solve the scalar recurrence

—2(N+1)(N +2)(e+N+2)[1(N) — (N +2)(2e? = 5eN — 7e — 6N? — 28N — 32)
+ (% +4e°N + 14e? — 4eN® — 13eN — 3¢ — 6N° — 50N? — 136N — 120) [1(N + 2)

—(e=N-=2)(e+ N+4)(e+2N + 8)1(N + 3)

4(N+2) _5 2(4N*+35N° + 101N? + 105N + 25)

—2

_ €
3(N +3) 3(N 4+ 1)(N + 2)(N + 3)2
[1(1) — a% 1126532 + (15C2+1223) 4. using, e.g., af1 extension of
7 (2) _ 130 _ 695 +(65C2 n 46379) -1 n MATAD (M. Steinhauser)
1 273 B4e2 o 1944 T or tools given in
I1(3) = 285 — 295 4 (1092 4 4I00TL) =1 . [arxiv:1405.4250 [hep-ph]]

1 (Sigma.m's recurrence solver, see first slides)

2
) = () | ssny o

3(N+1)2 3(N+1)
2(20N° 458N 45TNH22) | 5y (N)? | 2(NEDEN-1SI(N) _ 5a(W)) -2
- HOEDE + 8t 3(NT1)2 il veuul) R



Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed I5(N) and I3(N) by I;(N)



Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed Io(N) and I3(N) by I;(N), i.e.,
I,(N) =01(N) + 0L (N + 1) + O (N + 2)

2(N+2) -3 6N34+25N2433N+1 —2N-1 _9

I3(N) =06 (N) + OL(N + 1) + OL(N +2)

2(N+2) _—3 —2N3—3N243N+3
+ 3(N—|—1)8 + <

2N+1 —2
3(NTDI(N12) +Z($(N+1351(N)>5 +..



Step 4: Compute I5(N) and I3(N):
Recall: by uncoupling we expressed Io(N) and I3(N) by I;(N), i.e.,
I(N) =06L(N) + OL(N + 1) + OL(N +2)

2(N+2) -3 6N34+25N2 —2N-1 _
3D T < 3(ng+1);&:\)’,i]\gr15 + (3(N+1))51(N)>5 24,

I3(N) =011 (N) + OL(N + 1) + OL(N +2)
4 2N+2) -3 | <—2N3—3N2+3N+3 + (2N+1)Sl(N)>s_2 4.

3(N+1) B(NTLP(N+2) | B(N+1)
This yields
B(N) =5y = 5+ (= 351N+ 260(V) — 48(W) + g3 + § )< .
1) = + (285, (v) - A7)y e
( B 2(41\;;1111;;10) Sy (N) + 2(12N3J3r(3;]1j;25N+2)

+ 2251 (N)? + X2 6(N) + 42)5—1 T



Teolbex 3: Solving coupled enuations [
Summarizing:

e
D, IAZ(x) =
Is(w)

2

—1—e+x N
5(35(+2) z—2) 2— 5( -:1-)4-3 (—2e Oz+5w) -{1 (37)
— ETIT ET
e o—T)w 2e-T) Ir(z) | +
e(3e —2—e+3243 1
4(z—1) - 2(5;7;:;: = _2(6zt1) I3(z)




Teolbex 3: Solving coupled enuations [
Summarizing:

~ 1 2 o ~
I (ac) _(3 (f_;)itcm 2) T @Dz (2 0 tex) I (il?) Ry (:c)
o e(3e x— —2—5 3 —2e—x+tex ~ A
D, {2(%) =1\~ 4&%—%;%‘ 2(;1_;8)-; = 2(z—1)z ?(x) + Rg(x)
Iy(x) ieh e —wn ) @) \-R(@)
_|_

ILi(1) = 5%_1126532 +(158C2 "r%)&‘_l—i—...
L(2) = 130 _ 695 +(65g2 + 46379)571 T

27e3 54e2 3 1944
_ 169 _ 395 169¢o | 470071\ _—1
I (3) — 36e3 32e2 +( 96 + 20736 )E +...




Toolbox 3: Solving coupled equations - |
Summarizing:

A —l—ctz 2 A .
Il(l‘) _(3(15;;83: 2) _(a:fl)z (—2 O+ ) Il(iL’) Rl(l’)
o e(3e x— —2—5 3 —2e—x+tex ~ A
£(3e —2— T
I3(z) 1(z—1) - 22;:;731)236z _2(6;:11) I3(x) —Ra(x)
_|_
L) = F-qx+ (158C2 +E)e T+
_ 130 _ 69 65 4 -
L(2) = 5o _54552 +( 3(§2 + 169%1?)5 R
_ 169 _ 395 169¢> | 470071\ _.—1
L(3) = 36e3  32e2 +( %6 T 207361)5 +...
1
4(3N2+6N+4) 451 (N) ) _—3
L(N) :( 3(NT1)Z 3(1&7+1))€
B (2(20N3+58N2+57N+22) S1(N)2 n 2(N+2)@2N-1)S; (N) S2(N)>€72 n
3(N+1)3 N+1 3(N+1)2 N+1
4 2 2 _
L(N) =55 — 5 + (= 3510V + 351 (N) = 3 S2(V) + S84, + § )7+
_ 8 4(N+2) 4(4N2+7N+2 9
1(N) =g + (A 5, () - ) ),
2(4N2+11N+10) 2(12N3+32N2+25N+2
+(_W51(N)+ 3(N+1)? ) te




Toolbox 3: Solving coupled equations

The full algorithm
Given a coupled system unknown
. o
e L@\ (f)
p, [ B@ | 2 a [ 2@ ] | 7)




The full algorithm
Given a coupled system unknown
R —
() I () F1(z)
p, | @) | 2 4 | B | | 2@
7o ()

A: a given invertible n X n ma-
trix with elements form Q(NV, €).




The full algorithm

Given a coupled system
Li()
fn(x)

A: a given invertible n X n ma-
trix with elements form Q(NV, €).

uriknown
@)\ (i)
| B@) | [ @)

7:(x): given as power series in x whose co-
efficients in terms of indefinite nested sums
and products are high enough expanded in ¢




Teolbaxx 3: Solving coupled enuations [
The full algorithm

Given a coupled system

) uriknown

Ii(x) I (x) 71 (x)
p, [ 2@ | = 4 [ 2@) ] | 72)

In(z) In(z) Pn ()

7:(x): given as power series in x whose co-
efficients in terms of indefinite nested sums
and products are high enough expanded in ¢

A: a given invertible n X n ma-
trix with elements form Q(NV, €).

where I;(z) has a power series representation I;(x) = Y %_, I;(N)




Teolbaxx 3: Solving coupled enuations [
The full algorithm

Given a coupled system

) uriknown

Ii(x) I (x) 71 (x)
p, [ 2@ | = 4 [ 2@) ] | 72)

In(z) In(z) Pn ()

7:(x): given as power series in x whose co-
efficients in terms of indefinite nested sums
and products are high enough expanded in ¢

A: a given invertible n X n ma-

trix with elements form Q(NV, €).

where I;(z) has a power series representation I;(x) = Y %_, I;(N)
_|_

‘Given the initial values of I; (V) expanded high enough in . ‘




Teolbaxx 3: Solving coupled enuations [
The full algorithm

Given a coupled system

) urlknown

e @)\ (i)
b, | 2@ | _ 4 [ B@) ] | 2

I(x) I(x) ()

7:(x): given as power series in x whose co-
efficients in terms of indefinite nested sums
and products are high enough expanded in ¢

A: a given invertible n X n ma-
trix with elements form Q(NV, €).

where I;(z) has a power series representation I;(x) = Y %_, I;(N)
_|_
‘Given the initial values of I; (V) expanded high enough in . ‘

I

A decision algorithm which computes (if possible) the e-expansions
of F1(N),...,F,(N) in terms of indefinite nested sums and products;

special case: harmonic sums, S-sums or nested binomial sums.
RISC, J. Kepler University Linz




Teolbaxx 3: Solving coupled enuations |
The full algorithm

Given a coupled system

unknown |can be determined as

e e )
1:1(11) 1:1 (z) a P/q@lp‘\rgﬁssmg step
D, L) | _ 4 | 2@ | | @)

7:(x): given as power series in x whose co-
efficients in terms of indefinite nested sums
and products are high enough eXpqnded in ¢

A: a given invertible n X n ma-
trix with elements form Q(N, ¢).

where fz(a:) has a power series representation fz(a:) =Y Noo K(V)

+ \

‘Given the initial values of I1(IV) expanded high (Enough in €. \ ‘

AN )

A decision algorithm which computes (if possible) ?hes\—e@an/sions
of F1(N),...,F,(N) in terms of indefinite nested sums and products;

special case: harmonic sums, S-sums or nested binomial sums.
RISC, J. Kepler University Linz




Teolbex 3: Solving coupled enuations |
Goal: Expand the 92 master integrals

By(N
By(N

~— —

54 by symbolic summation

8 by symbolic integration and recurrence solving

Iy(x) | REDUZE_2 (A.v. Manteuffel) produces a
' (recursively organized) coupled differential system

Ip(z) )



Toolhox 3: Soving coupled equations |
14, Is, I, I7: determined by the most complicated system



14, Is, I, I7: determined by the most complicated system

We uncouple it in I4(N) and get the linear recurrence

ag(N,e)I4(N) 4+ ar(N,e)I4(N + 1) + - - - + a5 (N, e)I4(N + 5)
=h_ 1 (N)e™t + ho(N)® + - + hg(N)et 4 ...
a;(N,e): large polynomials in ¢ and N

hi(N): given in terms of 726 S-sums up to weight< 7
(our symbolic integration problem occurs on the right hand side)



Solving this recurrence with the given initial values yields the e-expansion
I(N)=e'F 1 (N) +"Fy(N) + - + ' Fy(N) + ...



Solving this recurrence with the given initial values yields the e-expansion

I(N) = 5_1+50F0(N) o4 e F(N) 4.

with
P () =((-1)Y - 2) 22,
(DY ) 48 5(N) 8 6(—1)N

(N+1)2 (N+1*  (N+1)4*



Solving this recurrence with the given initial values yields the e-expansion

L(N) =" F(N)+ Y Fo(N) |+ - + ' Fy(N) +
with Fy(N) given in terms of the (generalized) harmonic sums

5—3(1\7),5—2(1\7),Sl(N)’52(N),53(N)’5—21( ), S2,1(N),
S1(5,N),S3(=3.N),83(5,N), S21(~1, 5. N), S21(1, 3, N).

plus 19 (inverse) binomial sums, like

N k
S (-2 ( ) o
k=1
J. Ablinger, J. Blimlein, C. Raab, CS, 2015

—
I
QI—\

<.



Solving this recurrence with the given initial values yields the e-expansion

Li(N)=|F_ 1 (N)e™ + Fy(N) 4 - -+ Ey(N)e™ |+ ...

Summary for F_{(N),..., Fy(N):

» Total calculation time: 3% days



Solving this recurrence with the given initial values yields the e-expansion

Li(N)=|F_ 1 (N)e™ + Fy(N) 4 - -+ Ey(N)e™ |+ ...

Summary for F_{(N),..., Fy(N):

» Total calculation time: 3% days
» 928 (generalized) harmonic sums up to weight 8



Solving this recurrence with the given initial values yields the e-expansion

I4(N)

Fy(N)e™ '+ Fy(N)E® + - + Fy(N)e™ |+ ...

Summary for F_1(N),..., Fy(N):
» Total calculation time: 3% days
» 928 (generalized) harmonic sums up to weight 8

> 2598 binomial sums up to nesting depth 7, like e.g.,
N L . .

1 N1 1 (200 g 27T O (—1)°
P Y s e ()
ik jzl J ; (2;)22 ia—1 & 42 r Z

All arising sums are algebraically independent!



Solving this recurrence with the given initial values yields the e-expansion

I4(N)

Fy(N)e™ '+ Fy(N)E® + - + Fy(N)e™ |+ ...

Summary for F_;(N),..., Fy(N):
» Total calculation time: 3% days
» 928 (generalized) harmonic sums up to weight 8

> 2598 binomial sums up to nesting depth 7, like e.g.,
N L . .

LSS s () 352 g (1)
kL= N (_2)14(. )2
k=1 kj 17 i (21'2)22 ia=1 2 42 T Z

All arising sums are algebraically independent!

» Possible by combining difference ring techniques with quasi-shuffle
algebras (using Sigma and HarmonicSums)



Teolbex 3: Solving coupled enuations |
Goal: Expand the 92 master integrals

Bsa(N)
Bss (N
Bsg(N)
Bea(N)

Bgs(N)
Bga(N)

Boa(N)

/

54 by symbolic summation

8 by symbolic integration and recurrence solving

32 by solving coupled (recursively organized)
differential systems



Z D1 (N e1(z,e)By(x) + ea(z,€)Ba(z) + ...

A~

+ ei(x,€)B;i(x) + . .. ega(, €) Bya ()

Note: the B;(z) can be represented as power series

= i Bi(N)zN
N=0

Goal: Expand the 92 master integrals

A

Bi(N) =b_3(N)e 2 4 b_o(N)e 2 +b_1(N)e ' +bo(N)" +...




Z Dis(N e1(z,e)By(z) + ea(x,€)Ba(z) + ...
+ei(,)Bi() + ... eoa(w,2) Boa (@) )

Note: the B;(z) can be represented /as power series

Bz
=0

Goal: Expand the 92 master integrals

~

Bi(N) = b_s(N)e3 “2 4 b (N)e ! + bg(N)® + . ..



- urther technologies are provided

Take the coefficient of 2V
in SumProduction.m

Dia(N) = [&N] (el(x, €)B1(z) + ea(z, ) Ba(z) + . ..

+ei(w,9)Bifa) + ... con(a.£) Boa(2))

Note: the BZ(J:) can be represented as power series

Goal: Expand the 92 master mtegrals

Bi(N) = b_3(N)e™3 + b_o(N)e2 + b_y (N)e~L + bo(N)e + ...



_ (Ca 128(N2 + N + 1) 6452
D12(N) - (T - CF) (€a - Cp)Tr [_ SN(N + D2(N +2) 3N+ 1N +2)
128(N + 3)S; 2565 _5 + DY 128 6455 -3

3N+ 1D2(N +2)  3(N +1)(N +2) BN(N + 1)2(N +2) (N +1)(N +2)



_ (Ca 128(N2 + N + 1) 6452
D13(N) = (T - CF> (Ca — Cp)TR {—3N(N+1)2(N+2) VIO D)
128(N +3)S1 2565 _o N 128 645 -3

3N+ 1D2(N +2)  3(N +1)(N +2) BN(N + 1)2(N +2) (N +1)(N +2)

64.P 3253
BN(N +1)3(N +2)2  3(N+1)(N +2)
32(2N3 + 20N2 4+ 35N +12)S?  32(2N 4 1) (4N3 + 10N? + 17N 4 20) S

+ <OTA - CF‘) (Ca — Cp)TF |:—

3N(N + 1)2(N + 2)2 3N(N + 1)2(N + 2)2

( 64P3 3 9655 ) . 256(2N + 5)S3

BN(N 4+ 1)3(N +2)2 (N4 1)(N +2) 3(N +1)(N +2)

(7 128P; ~ 5125, ) , 256(N + 4)Sa,1
3N(N 4+ 1)2(N +2)2  3(N +1)(N +2) 3(N +1)(N +2)
5125_5 1 N 64(4N3 +16N? 4 28N +21) ] _—2

3(N + 1)(N +2) + (= 3N(N + 1)3(N +2)2 ]



_ (Ca 128(N2 + N + 1) 6452
D13(N) = (T - CF> (Ca — Cp)TR {—3N(N+ O TD 3T DOTTD
128(N +3)S1 2565 _o N 128 645 -3

3N+ 1D2(N +2)  3(N +1)(N +2) BN(N + 1)2(N +2) (N +1)(N +2)

Ca 64.P 3253
+<T—CF‘> (Ca —Cp)TF|— +

BN(N +1)3(N +2)2  3(N+1)(N +2)
32(2N3 + 20N2 4+ 35N +12)S?  32(2N 4 1) (4N3 + 10N? + 17N 4 20) S

SN(N + 1)2(N + 2)2 3N(N + 1)2(N + 2)2
( 64.P;5 9655 ) 256(2N + 5)S3
SN(NF13(N+22 (N+DW+2)/7" 8(N+1(N +2)

( 128P; 5125 ) 256(N + 4)S2 1
SN(NF12(N+2)2 3(N+D(N+2)/7 2" 3N + )WV +2)
5125_5 1 o 1)N64(4N3+16N2 +28N+21)] -2

3(N 4+ 1)(N +2) 3N(N + 1)3(N +2)2

+(... )t

Arising objects(harmonic sums):

C2r (=D)N, S_4(N), S_3(N), S_2(N), S1(N), S2(N), Sa(N), Sa(N),
S_3,1(N),S_21(N),S_22(N),S2,1(N),S3,1(N),S_21,1(N), S2,1,1(N)
[J.A.M. Vermaseren, 1998; J. Bliimlein/S. Kurth, 1998]



_ (Ca 128(N2 + N + 1) 6452
D13(N) = (T - CF> (Ca — Cp)TR {—3N(N+ O TD 3T DOTTD
128(N +3)S1 2565 _o N 128 645 -3

3N+ 1D2(N +2)  3(N +1)(N +2) BN(N + 1)2(N +2) (N +1)(N +2)

Ca 64.P 3253
+<T—CF‘> (Ca —Cp)TF|— +

BN(N +1)3(N +2)2  3(N+1)(N +2)
32(2N3 + 20N2 4+ 35N +12)S?  32(2N 4 1) (4N3 + 10N? + 17N 4 20) S

SN(N + 1)2(N + 2)2 3N(N + 1)2(N + 2)2
( 64.P;5 9655 ) 256(2N + 5)S3
SN(NF13(N+22 (N+DW+2)/7" 8(N+1(N +2)

( 128P; 5125 ) 256(N + 4)S2 1
SN(NF12(N+2)2 3(N+D(N+2)/7 2" 3N + )WV +2)
5125_5 1 o 1)N64(4N3+16N2 +28N+21)] -2

3(N + (N +2) 3N(N + 1)3(N + 2)2
+(..)e (L )E°

Arising objects(harmonic sums):
S_5(N),S_4(N),S_3(N), S_2(N), S1(N), S2(N), S3(N), Sa(N), S5(N), S_4,1(N), S_3,1(N),
S_2,-3(N),S_21(N),S_22(N),S_23(N),S1(=2,N), Sz, _3(N), S2,1(N), Sz 3(N), S3,1(N),
S4,1(N), S—31,1(N),S—2,1,—2(N),S_21,1(N),S_221(N),S2,1,-2(N), S2,1,1(N),
S2,2,1(N), S3,1,1(N), S_2,1,1,1(N), S2,1,1,1(N)

[J.A.M. Vermaseren, 1998; J. Bliimlein/S. Kurth, 1998
RISC, J. Kepler University Linz




Ca 128(N2 + N + 1) 6452
D13(N) = (T - CF> (Ca — Cp)Tp {—3N(N+ O TD 3T DOTTD
128(N +3)S1 2565_5 )N 128 _ 6459 -3
3(N +1)2(N +2)  3(N+1)(N +2) 3N(N +1)2(N +2) (N+1)(N+2)
Ca 64.P 3253
+ <T - CF) (Ca = Cr)Tr [_ NN L3N 122 3V + 1)(1N T 2)
32(2N3 + 20N2 4+ 35N +12)S?  32(2N 4 1) (4N3 + 10N? + 17N 4 20) S
- SN(N + 1)2(N + 2)2 B 3N(N + 1)2(N + 2)2
( 64P3 B 9655 ) L 256(2N + 5)Ss
BN(N 4+ 1)3(N +2)2 (N4 1)(N +2) 3(N +1)(N +2)
(7 128P; B 5125 ) , 256(N + 4)S2 1
3N(N 4+ 1)2(N +2)2  3(N +1)(N +2) 3(N +1)(N +2)
5125_5 1 N 64(4N3 +16N? 4 28N +21) ] _—2
3(N + 1)(N +2) + (= 3N(N + 1)3(N +2)2 ]

+(..)e (L )E°

Arising objects(generalized harmonic sums): 1
J ﬁ
]
1 N
=1

S. Moch, P. Uwer, S. Weinzierl, 2002



_ (Ca 128(N2 + N + 1) 6452
D13(N) = (T - CF> (Ca —CF‘)TF‘|:—3N(N+1)2(N+2) VIO D)
128(N +3)S1 2565 _o N 128 645 -3

+ (=1

3N+ 1D2(N +2)  3(N +1)(N +2) BN(N + 1)2(N +2) (N +1)(N +2)

+<CA c )(c Cp)T. 64P; N 3253
2 F)AT IR ITIN(N  D3(N +2)2 | 3(N + (N 1 2)

32(2N3 + 20N2 4+ 35N +12)S?  32(2N 4 1) (4N3 + 10N? + 17N 4 20) S

3N(N + 1)2(N + 2)2 3N(N + 1)2(N + 2)2

( 64 P3 3 9655 ) L 256(2N + 5)S3

BN(N 4+ 1)3(N +2)2 (N4 1)(N +2) 3(N +1)(N +2)
(7 128P; 3 5125, ) ) 256(N +4)Sa 1
3N(N 4+ 1)2(N +2)2  3(N +1)(N +2) 3(N +1)(N +2)

5125_5 1 + N 64(4N3 + 16N? + 28N +21) ] _—2
3(N 4+ 1)(N +2) 3N(N + 1)3(N +2)2

+(..)e (L )E°

Arising objects(nested binomial sums): L (—1)F (3F) Sa (k)
i(—%i(%) S sty yE
= =1 G B = 0+

J. Ablinger, J. Bliimlein, C. Raab, CS, 2015



New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Generalized harmonic sums

Si1111(2,5,1, LN)

2163 1 205 1115 s

- - O(N
20 N N 52 T aens gent O
13 19 5

+on ~ave TiaaE v O

3 3 9 39
N( 2 -5
+2 (2N+2N2+2N3+2N4+0(N ))Cs

1 3 157 19
+(N+W_W+N4+O( ))(10g(N)+’Y)

1 3 19 5 5
+ oy ~ane t o~ va O (log(N) +9)

[Ablinger, Bliimlein, CS, J. Math. Phys. 54, 2013, arXiv:1302.0378 [math-ph]]



New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Cyclotomic harmonic sums
J

k Z 1+
> T

2

N J
Z 7j=1 :( _ 35C3)<2 _ 31(5
Pt (14 2k)?
L1l 3 T 4195 L O
N 32N2 16N3 4608 N4
9 7 209 s
+ log(2 )(6§2——+W—W+192N4+0(N ))
T 7 77 21 s
L - N
+( 17 ToN T 1687 10ane T gana O )G
1 1 65 s
(Ton7 ~ 535 + 3y + O ) los(N) +7)

[Ablinger, Bliimlein, CS, J. Math. Phys. 52, 2011, arXiv:1302.0378 [math-ph]]



New algorithms for asymptotic expansions
using the underlying integral representation (available in HarmonicSums.m)

» Nested binomial sums

5 21 223 n 671
N 12N2 320N3  10752N% ° 49152N5

Z 4JSI ] — 1) 7<3+ff{

11635 1196757 376193 N 201980317
1441792N6  136314880N7  50331648N8 ' 18253611008 N?
_ 4 5 263 579

1) In(N) — = _ 10123
+0( )] (V) Nt 18N2  2400N3 + 12544 N4 + 110592087
1705445 27135463 N 197432563 105757489

71368704N6  11164188672N7 = 7927234560N8 = 775778467840N°
+ O(NIO)}

Ablinger, Bliimlein, CS, ACAT 2013, arXiv:1310.5645 [math-ph]
Ablinger, Bliimlein, Raab, CS, 2014. arXiv:1407.1822 [hep-th]
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Conclusion [
Conclusion

» We presented our current summation and integration technologies.

» In particular, a very recent method to solve coupled systems of
differential and difference equations.

» We obtained the e-expansions of rather complicated master integrals.

» Using these expansions we calculated easily the most complicated
ladder graphs with 6 massive fermion lines
(using the RISC packages Sigma.m, HarmonicSums.m, EvaluateMultiSums.m,
MultiIntegrate.m, SumProduction.m).

» All physical ladder-topologies for 3-loop massive operator matrix
elements can be calculated in this way.

» We used this technology for a few integrals emerging in the
pure-singlet case and integrals with two massive lines.

» More involved massive 3-loop topologies are currently investigated.

» New mathematics has being developed to explore the new function
spaces (asymptotic expansions).
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