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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? )

P1, P2 — P3, <oy Pm+2

0K e B4
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? )

P1, P2 = P3, -5 Pm+2
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oNNLO = / <2Re ()*M,(,f))+’M,(,,1)’>Jm(¢) vV
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+ do m+2 ‘Mm+2‘ Jm+2(¢) RR
m+2
RV + RR — Talks by M. Czakon, Currie, Abelof, Boughezal, Somogyi , ...
STRIPPER,...
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? J

P1, P2 = P3, -5 Pm+2

2
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+ dOm i1 (2Re (MOVIMEL)) Jmia(®) RV
m+1
+ d® 2 ‘Mm+2’ Jmia(®) RR
m+2
RV + RR — Talks by M. Czakon, Currie, Abelof, Boughezal, Somogyi , ...
STRIPPER,...
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OPP AT TWO LOOPS

e Write the "OPP-type" equation at two loops

min(n,8)

(lla/2 {pl}) 1112 -im 11712 {pl})
DiD, .. Z Z D, ...D;

'm

Sm:n stands for all subsets of m indices out of the n ones
— Talk by G.Ossola
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THE NEW “MASTER” FORMULA

__N(9) _
DoDy -+ Dy
_|_
_|_
+
_|_

CutTools, Samurai, Ninja, ...

Costas. G. Papadopoulos

’”i d(ioirizis) + c:l(qi i i2i3)
heishen DioDi1 D2 Dj>
mz—l C(’O’l’%)—ta(_q' iO"1i2)
ettt DigDi1 D>
“”Z‘:l blioir) + b(g: ioir)
i DigDjy
m—1

a(io) +3(q: o)
Di

>

o

rational terms

— Talk by G.Ossola
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REDUCTION AT THE INTEGRAND LEVEL

Over the last few years very important activity to extend unitarity and integrand
level reduction ideas beyond one loop
J. Gluza, K. Kajda and D. A. Kosower, “Towards a Basis for Planar Two-Loop Integrals,” Phys. Rev. D 83 (2011) 045012
[arXiv:1009.0472 [hep-th]].
D. A. Kosower and K. J. Larsen, “Maximal Unitarity at Two Loops,” Phys. Rev. D 85 (2012) 045017 [arXiv:1108.1180 [hep-th]].
P. Mastrolia and G. Ossola, “On the Integrand-Reduction Method for Two-Loop Scattering Amplitudes,” JHEP 1111 (2011)
014 [arXiv:1107.6041 [hep-ph]].
S. Badger, H. Frellesvig and Y. Zhang, “Hepta-Cuts of Two-Loop Scattering Amplitudes,” JHEP 1204 (2012) 055
[arXiv:1202.2019 [hep-ph]].
Y. Zhang, “Integrand-Level Reduction of Loop Amplitudes by Computational Algebraic Geometry Methods,” JHEP 1209 (2012)
042 [arXiv:1205.5707 [hep-ph]].
P. Mastrolia, E. Mirabella, G. Ossola and T. Peraro, “Integrand-Reduction for Two-Loop Scattering Amplitudes through
Multivariate Polynomial Division,” arXiv:1209.4319 [hep-ph].
P. Mastrolia, E. Mirabella, G. Ossola and T. Peraro, “Multiloop Integrand Reduction for Dimensionally Regulated Amplitudes,”
arXiv:1307.5832 [hep-ph].
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MULTIVARIATE DI1VISION AND GROEBNER BASIS

D. Cox, J. Little, D. O’'Shea Ideals, Varieties and Algorithms

multivariate polynomial division
e Given any set of polynomials 7;, the ideal /, f =), mih;, we can define a
unique Groebner basis up to ordering < g1,...,8s >
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multivariate polynomial division
e Given any set of polynomials 7;, the ideal /, f = Z,W,-h,-, we can define a
unique Groebner basis up to ordering < g1,...,8s >

f=hg+...4+hygn+r
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MULTIVARIATE DI1VISION AND GROEBNER BASIS

D. Cox, J. Little, D. O'Shea Ideals, Varieties and Algorithms

multivariate polynomial division
e Given any set of polynomials j, the ideal /, f =, m;h;, we can define a
unique Groebner basis up to ordering < g1,...,8s >

f:hlg1+~--+hngn+r

Strategy:
e Start with a set of denominators, pick up a 4d parametrisation, define an ideal,
| =< Di,...,D, >, even D?
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MULTIVARIATE DI1VISION AND GROEBNER BASIS

D. Cox, J. Little, D. O'Shea Ideals, Varieties and Algorithms

multivariate polynomial division
e Given any set of polynomials 7;, the ideal /, f =), mih;, we can define a
unique Groebner basis up to ordering < g1,...,8s >

f=hg+...4+hygn+r

Strategy:

e Start with a set of denominators, pick up a 4d parametrisation, define an ideal,
| =< Dx,...,D, >, even D?

e Findthe GBof I, G =< g1,...,8s >
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MULTIVARIATE DI1VISION AND GROEBNER BASIS

D. Cox, J. Little, D. O'Shea Ideals, Varieties and Algorithms

multivariate polynomial division
e Given any set of polynomials 7;, the ideal /, f = Z,w,-h,-, we can define a
unique Groebner basis up to ordering < g1,...,8s >

f=hgi+...4+hygn+r

Strategy:

e Start with a set of denominators, pick up a 4d parametrisation, define an ideal,
| =< Di,...,D, >, even D?

e Find the GBof I, G =< g1,...,8 >

e Perform the division of an arbitrary polynomial N

N:h1g1+...+hngs—|—v
e Express back g; in terms of D;

N=hD;+...+h,D,+v
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OPP AT TWO LOOPS

e Write the "OPP-type" equation at two loops

in(n,8)
(/13 /2 {P:}) mi Z 1112 m Ila /2 {P:})
DiD, .. ...D;

— spurious @ ISP — irreducible integrals

Z Dijy...iy (hy i {pi})
D:D; ... D;

m

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 7 /39



OPP AT TWO LOOPS

e Write the "OPP-type" equation at two loops

min(n,8)
N (/1; /2 {P: 1112 Im /17 /2 {P:})
DiD:..D, | 2 D,

Z Aijy..iv (hy i {pi})

D.D, ... D, — spurious @ ISP — irreducible integrals
ISP-irreducible integrals — use IBPI to Master Integrals

Libraries in the future: QCD2L0OOP, TwOLOop J

Costas. G. Papadopoulos
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THE ONE LOOP PARADIGM

basis of scalar integrals:

G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160 (1979) 151.
Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425 (1994) 217 [arXiv:hep-ph/9403226].

A= diiisi, j:[+zcilizi3j>< + > byi, >©< +> a; >Q +R

a, b, c,d — cut-constructible part R — rational terms

B TG
A= 2 [Mey 7 e (@)

Ic{0,1,--- ,m—1}

Do, Co, Bo, Ao, scalar one-loop integrals: 't Hooft and Veltman
QCDLOOP Ellis & Zanderighi ; OneLOop A. van Hameren J
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OPP AT TWO LOOPS - RATIONAL TERMS

S. Badger, talk in Amplitudes 2013
@ Rational terms

h— L+ /1(28), bh— b+ /2(25), ho- /1(,226) =0

) 2
(/1(26)) = p11, (/2(26)) = p22, /1(26) : ézs) = H12
{060 F = (K06, i,z e |

Welcome: | = /I prime ideal
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OPP AT TWO LOOPS - RATIONAL TERMS

S. Badger, talk in Amplitudes 2013
@ Rational terms

h— L+ /1(25), h— b+ /2(25)7 ho- /1(,225) =0

(89) = i, (£9) = g, 127427 =
{/1(4)a 2(4)} - {/1(4)»/2(4)all117ﬂ22,ﬂ12}

Welcome: | = /I prime ideal

e R, terms: hopefully 3 /a 1 loop
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RATIONAL TERMS

Numerically treat D = 4 — 2¢, means 4 @ 1

Expand in D-dimensions ? J
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RATIONAL TERMS

Numerically treat D = 4 — 2¢, means 4 @ 1

Expand in D-dimensions ? J
m—1 m—1
N(q) > [dloiii ) +daioniid®)] T D

fo<ih <i<i3 iFi0,01,i2,i3
m—1 m—1
Z [c(ioiviz; &) + &(q: ioiria; )] H

io<ih <z i$£i0”.17"2

m—1 m—1

>~ [blioi: 8 + Blai i a®)| [T D

io<iy i#ig,i

m—1 m—1 m—1

> lalio: &) + 3(a: io; @)] [ Di+ P(a) [] Di
io iy i
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RATIONAL TERMS

Numerically treat D = 4 — 2¢, means 4 @ 1

Expand in D-dimensions ? J
m—1 m—1
N(q) > [dloiii ) +daioniid®)] T D

fo<ih <i<i3 iFi0,01,i2,i3
m—1 m—1
Z [c(ioiviz; &) + &(q: ioiria; )] H

io<ih <z i$£i0”.17"2

m—1 m—1

>~ [blioi: 8 + Blai i a®)| [T D

io<iy i#ig,i

m—1 m—1 m—1

> lalio: &) + 3(a: io; @)] [ Di+ P(a) [] Di
io iy i

2 2 ~2
m; = m; — @
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RATIONAL TERMS

In practice, once the 4-dimensional coefficients have been determined, one can

redo the fits for different values of g2, in order to determine b (i), c¢(®(ijk) and
d(2m74).

. . m—1
— ! 2m—4 ! Y
R]_ = _md( )_@ Z C( )(Iolll2)
o<n<imp
. m-1
s S b ioh) (M 4 mE (P —pi)?
3272 7 TP o T 3 '
h<n

G. Ossola, C. G. Papadopoulos and R. Pittau,arXiv:0802.1876 [hep-ph]
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RATIONAL TERMS - R,

A different source of Rational Terms, called R», can also be generated from the
e-dimensional part of N(q)

g = q+4q,
r_Yﬁ = f}/,u+:}'/ﬁ7
AP g,uy_i_g_ﬁﬂ.

New vertices
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THE ONE-LOOP CALCULATION IN A NUTSHELL

The computation of pp(pp) — eTvep™ v, bb involves up to six-point functions.

AQ) =T N N N M)
Diy Dy, - - - Dy Dy, Dy, --- Dy, Diy Dy, --- Dy Di, Dy, Dy,
N N
0O-G ). > -
< o ¢ O O o3

LA 7/(‘\) )\\ _{\J\— »»»»» [@N
e Q. A T
In order to apply the OPP reduction, HELAC evaluates numerically the numerators

Niﬁ(q), N?(q)7 .... with the values of the loop momentum g provided by CutTools

@ generates all inequivalent partitions of 6,5,4,3... blobs attached to the loop, and check all
possible flavours (and colours) that can be consistently running inside

@ hard-cuts the loop (q is fixed) to get a n+ 2 tree-like process
\f\ h ("
v K/’\ . (ﬁﬂ
ﬁ 1{) &

The R, contributions (rational terms) are caIcuIated in the same way as the tree-order
amplitude, taking into account extra vertices

— MadGraph, RECOLA, OpenLoops, Talks by S.Uccirati, V.Hirschi, ...
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TOWARDS A FULL NNLO SOLUTION

e From Feynman Diagrams to recursive equations: taming the n!.
Dyson-Schwinger Recursive Equations
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TOWARDS A FULL NNLO SOLUTION

e From Feynman Diagrams to recursive equations: taming the n!.
Dyson-Schwinger Recursive Equations
A. Kanaki and C. G. Papadopoulos, Comput. Phys. Commun. 132 (2000) 306 [arXiv:hep-ph/0002082].
F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

F. Caravaglios and M. Moretti, Phys. Lett. B 358 (1995) 332.

TR )

Unfortunately not so much on the second line ! S. Weinzierl
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INTEGRAND REDUCTION AT TWO LOOPS

o Amplitude level (explicit color, helicity)
@ Using 't Hooft-Veltman scheme, d = 4 ME

o Fully automated
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INTEGRAND REDUCTION AT TWO LOOPS

o Amplitude level (explicit color, helicity)
@ Using 't Hooft-Veltman scheme, d = 4 ME

o Fully automated

MG5_aMC> add process p p > e+ ve j j [QCD] @ O
MG5_aMC> add process p p > e+ ve j j [QCD] @ 1
MG5_aMC> add process p p > e+ ve j j [QCD] @ 2

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 15 / 39



MASTER INTEGRALS: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
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MASTER INTEGRALS: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products

@ basis composed by D; ... Dy, allows to express all scalar products
D; = ({k, I} + pi)* — M?
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MASTER INTEGRALS: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
@ basis composed by D; ... Dy, allows to express all scalar products
D;i = ({k, I} + pi)* — M?

__
D ... DM

) {kh, # vk}
d¥kd?| o =0
/ d{kn, In} (Dfl...D,’(',’V>

Flai,...,an] :/ddkddl
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MASTER INTEGRALS: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products

@ basis composed by D; ... Dy, allows to express all scalar products
D; = ({k, I} + pi)* — M?

__
D ... DM

) {kh, # vk}
d¥kd?| o =0
/ d{kn, In} (Dfl...D,"(',’V>

o IBP Laporta: FIRE, AIR, Reduze reduce these to Ml

Flai,...,an] :/ddkddl
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MASTER INTEGRALS: THE CURRENT APPROACH

m independent momenta / loops, N = /(/ 4+ 1)/2 + Im scalar products

basis composed by D; ... Dy, allows to express all scalar products
D; = ({k, I} + pi)* — M?

o
1
d d
F[al,...,a/\/] :/d kd /m
0 {kH, IF vH}
d9kdq| A =0
/ o {km, In} (Dfl...D,‘i’,’V>
o IBP Laporta: FIRE, AIR, Reduze reduce these to Ml

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations
Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Lett. B 302 (1993) 299.
T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329].

J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].
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DIFFERENTIAL EQUATIONS APPROACH

L] Iterated |ntegra|s K. T. Chen, lterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831
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DIFFERENTIAL EQUATIONS APPROACH

L] Iterated |ntegra|s K. T. Chen, lterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831

e Polylogarithms, Symbol algebra
A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Phys. Rev. Lett. 105 (2010) 151605.
C. Duhr, H. Gangl and J. R. Rhodes, JHEP 1210 (2012) 075 [arXiv:1110.0458 [math-ph]].

C. Bogner and F. Brown

oo
G(a,,,...,al,x):/dttaG(a,,l,...,al,t)
0 n

with the special cases, G(x) =1 and

1
G|(0,...0,x | == log"(x)
o n
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pjtaiplu G[317 B an] - Z Cai,...,a’,,G[allv R 31.,]
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pjtaiplu G[317 B an] - Z Cai,...,a’,,G[allv R 31.,]

e Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

Omf (e, {xi}) = eAm ({xi}) f (¢, {xi})
OmAn — OpAm =0 [Am, An] =0

J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pjtaiplu G[317 B an] - Z Cai,...,a’,,G[allv R 31.,]

e Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

Omf (&, {xi}) = eAm ({xi}) f (e, {xi})
OmAn — OpAm =0 [Am, As = 0
J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].

e Boundary conditions: expansion by regions or regularity conditions.

B. Jantzen, A. V. Smirnov and V. A. Smirnov, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546 [hep-ph]].
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DIFFERENTIAL EQUATIONS APPROACH

J. M. Henn, K. Melnikov and V. A. Smirnov, arXiv:1402.7078 [hep-ph].

T. Gehrmann, A. von Manteuffel and L. Tancredi, arXiv:1503.04812 [hep-ph].

W‘lﬁﬂ ’K
)~2~L4~¥

S=(q+@)P’=(@+a@)? T=(@-9¢)P’=(@@-— qa)27 U= (q1—a)® = (a2 — q3)%

S T M?2
Vaz:(l‘f'x)(l'i‘x)’)a V%:—XZ, — 2

df(x,y,zi€) = ed A(x,y,2) f(x,y, z; )

15
A= Z;\ai log(av;)

i=1
a={xy,z,1+x,1—y,1—z,14xy,z—y,14+y(l+x)—z,xy + z,
1+ x(1+y—2),14xz,14+y—z,z+x(z—y)+xyz,z—y + yz+ xyz}.
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, arXiv:1401.6057 [hep-ph].
Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms
of GPs.

@ Introduce one parameter

dk 1
Gu.a(¥) = [ 5 5 5 >
imd/2 (k2) (k+xp1)" (k+p1+p2)° ... (k+p1+p2+...4 pn)
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, arXiv:1401.6057 [hep-ph].
Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms
of GPs.

@ Introduce one parameter

dk 1
Gu.a(¥) = [ 5 5 5 >
imd/2 (k2) (k+xp1)" (k+p1+p2)° ... (k+p1+p2+...4 pn)

@ Now the integral becomes a function of x, which allows to define a differential equation
with respect to x, schematically given by

6] 1 1
—Gi1..1(x) = —=Gi1..1(x) +xp?Gi2..1 + = Go2..1
Ox X X
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, arXiv:1401.6057 [hep-ph].
Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms
of GPs.

@ Introduce one parameter

dk 1
Gu.a(¥) = [ 5 5 5 >
imd/2 (k2) (k+xp1)" (k+p1+p2)° ... (k+p1+p2+...4 pn)

@ Now the integral becomes a function of x, which allows to define a differential equation
with respect to x, schematically given by

6] 1 1
—Gi1..1(x) = —=Gi1..1(x) +xp?Gi2..1 + = Go2..1
Ox X X

@ and using IBPI we obtain, for instance for the one-loop 3 off-shell legs

mixG1 + LGy = (Xfil + é) (#) G

x—m3/my

+ d—3 1 1 G101 — G110
my—m3 \ x—1 x—ms3/m; X

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

@ The integrating factor M is given by

4—d 4—d

M=x(1-x)"72 (—m3z+mx) 2
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

@ The integrating factor M is given by

4—d 4—d

M=x(1-x)"72 (—m3z+mx) 2

@ and the DE takes the form, d = 4 — 2¢,

0 1 _
— MGy11 == (1 — X)_1+€ (=m3 + mlx)_HE ((—mlxz) c_ (—m3)_‘5)
Ox €

e Integrating factors € = 0 do not have branch points
e DE can be straightforwardly integrated order by order — GPs.
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

Lo DEm) T ma) 7 () T - (cma) )
_ Bt
L (em e —cma) ) e (5201 = (em) 7 - ma) ) (6 (531) - 6 (o))
:
+((=ma) T = (mmg) 7F) (c; (% 1) G (% 1) el (% %1) el (% %:)) P (72G(ﬂ, 1,2) (=my) <
+2C< . )(—m]) +2G(— 1 L)< m]rwc(%,%j 1)( m)’ffc(%,m)log(l—m my) "¢
—zc(m] )mg(r)( m1) % + 2log(1 — 2) log(x) (—m1) F — 2 (~mg) ~ C(—‘ L) = (mma) ~CG

(e em ) 6 (220 (6 (sz) log(1 = 2)) + (~ma) o(—f =)

+E(((,,V,]) € _ (—m3) 5) (G<E,,)G(m3 ms 1),3(”"4,1)@(”"4,2_073(3 ms ms 1)
my m] my my my’ my my’mymy

+G<Eﬂﬂr>) + zz\ ((( m\)’ff(fmgri)c(:f?J) (lng (1-a) 426 (T‘m—]a"))

o
(m—: o) (41082 @) = 2 ((=m1) = = (=ma) %) *(%.%.1)+2(<—m3rf—<—m1>’ )c(’m—],l) og(1 = ) )
2

7".1 ms ms —e msy m3 —e 2
+2(e (22,1 T ) (cmy) T+ 6 (22T 1) dog(1 — @) (—ma) TF — 2log(1 — @) log?(x) — 4G(0,0,1, )
my my my my my
3 m3 ms ms ms  mg

+4c(o,u,—«) 2G(0,1,1, r)+4€(0—17) zc( )+zc(—01z> 26(—,0.—,m)

m oy e
(-m3) "G (—3 s 1) log(1 — z) + log?(1 — z) log()

™

3 3 )
mi’my oy my

. (m3 m3z m
—(-mg) o (22,28
ms mg

+4G(0,1,2) log(z) — 4G (o, m—]z) log(x) — 4G (i 1, ar) log(x) + 2G (m—] o L) 10g(w)>))
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

The two-loop 3-off-shell-legs triangle

p

—p12 —p12

P12 —Ipy

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 23/



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

We are interested in Gp1g1011. The DE involves also the MI Gpop1011, S0 we have a system of two coupled DE, as follows:

5 _ A3(2-3e)(1—x) T 2ExT1HE (myx—mg) —2¢
oxfx) = ) 2e(2e—1)
_\—2¢ _ —2e
4 me(=x) 22(_,..11x m) "% )

2400 = Ag(Be=)3e—1)(=my) 2012 L3 (myx—img)? 7

(25 — 1)(3e — 1)(L — x)25 T (mx — my)2E =1 £(x)

where f (x) = Mo101011 Go101011 and g (x)

2 1 2
2 Moz201011 Go201011, Mozo1o11 = (1 — x)*x+1 (myx — m3)*€ and
Mo1o1011 = X

e Solve sequentially in & expansion
e Reproduce limit e — 0

Costas. G.

Radcor-Loopfest, LA, 2015



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

The singularity at x = 0 is proportional to x71%€ and can easily be integrated by the following decomposition

Fart— T — X F(H)—F(0
Ofdtt 1+5F(t):F(0)g'dtt 1+€+‘0fdt ()t ()tE

=F(0) < +0fdt FO-FO) (1+5|0g(t)+ %52|og2(t)+“.)

Reproduce correctly boundary term x = 0

Costas. G. Papadopoulos

Radcor-Loopfest, LA, 2015



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

General setup J

m: number of denominators

OxGm+1 = H ({sjj}, € x) Gmi1 + Z R ({sij}, € x) G,

m’'>mo

mgo = 3 in the case of two loops
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

General setup J

m: number of denominators

aXGerl = H({Sij}aE;X) Gm+1 + Z R({SU}7€;X) Gy

m’>mq
mo = 3 in the case of two loops
OxM = —MH

m

0x(MGmi1) =M >~ R({sj} € x) Goy.

m’'>mg
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

General setup )

m: number of denominators

aXGerl = H({Sij}a G;X) Gm+1 + Z R({sij}v € X) G,,-,/,

m’'>mq
mgo = 3 in the case of two loops
OxM = —MH

0x(MGmi1) =M >~ R({sj} € x) Gu.

m’'>mq

MY R({siheix) G = > LT (5}, €) + Treg ({537} 5 ).

m’'>mg
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

MGpi1 = C({sj},€) Z 19 (s}, e) + / dx'Teg({sii}, € x'),
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MGpi1 = C({sj},€) Z 19 (s}, e) + / dx'Teg({sii}, € x'),

o Integrating factors M rational functions of x in the limit ¢ — 0
e Sufficient condition DE solvable in terms of GPs.

@ All re-summed parts at x — 0 — fully determined by the one-scale
Ml involved in the system
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MGpi1 = C({sj},€) Z 19 (s}, e) + / dx'Teg({sii}, € x'),

Integrating factors M rational functions of x in the limit ¢ — 0

Sufficient condition DE solvable in terms of GPs.

All re-summed parts at x — 0 — fully determined by the one-scale
Ml involved in the system

e Two-point integrals, two three-point integrals and double one-loop
integrals — homogenous differential equations.
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

MGpi1 = C({sj},€) Z 19 (s}, e) + / dx'Teg({sii}, € x'),

Integrating factors M rational functions of x in the limit ¢ — 0

Sufficient condition DE solvable in terms of GPs.

All re-summed parts at x — 0 — fully determined by the one-scale
Ml involved in the system

e Two-point integrals, two three-point integrals and double one-loop
integrals — homogenous differential equations.

C({sij},€) = 0: no independent calculation of boundary terms needed.

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 25/ 39



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

When the DE are coupled

0xGmi1 = H({sj}, e x) Gmi1 + Z ({si}, e X)G s

m'>mg

more details — talk by C. Wever
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m'>mg

e Mp : 0,Mp = —MpHp, where Hp is the diagonal part of H.

o H=:Mp (H - Hp)Mj! of the reduced system of DE is then a strictly
triangular matrix at order € and the system becomes effectively uncoupled.
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When the DE are coupled

OxGmy1 = H({sj}, € x) m+1 + Z ({sij}, & x) Gma
m'>mg
e Mp : 0,Mp = —MpHp, where Hp is the diagonal part of H.
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

When the DE are coupled

0xGmi1 = H({sj}, e x) Gmi1 + Z ({sij}, € x) G

m'>mg

Mp : O4Mp = —MpHp, where Hp is the diagonal part of H.

o H=:Mp (H - Hp)Mj! of the reduced system of DE is then a strictly
triangular matrix at order € and the system becomes effectively uncoupled.

@ Problem: In very few specific cases, ~ C x 25 appears in the matrix H,

@ Solution: x — 1/x back to x 1*#€ in the inhomogeneous part of the DE.

more details — talk by C. Wever

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 26 / 39



TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

p(q)P () = Vi(—g3)Va(—qs), Gi=q5 =0, q5=M;, q = Mj.
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

p(q)p () = Vi(—q3)Va(—aqs), Gi=¢q3=0, ¢53=M3, q;=Mj.

g1 = Xp1, Qg2 = XP2, g3 = P123 — XP12, 44 = —P123, P,-2 =0,

2 2 2
S12 1= P12,  S23 1= Pa3, g ‘= P123»

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 27 / 39



TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

p(q)P'(a2) = Vi(—@3)Va(—a), ¢t =q3 =0, ¢ = M2, q3=M;.

g1 = Xp1, G2 =Xp2, G3 = p123 — Xp12, qa = —p123, p: =0,

2 2 2
S12 1= P13,  S23 1= Pa3, q ‘= P123»

S=(mn+q@) T=(q+aq)

S= 512x2, T =q— (s12 + s3)x, M% = (1 - x)(g — s12x), Mf =gq.

U=(q1+qa)?: S+ T+U=M:3+M;.

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 27 / 39



TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

—Pzs Py py P12

Tps

P Pizg — a1

Py

FIGURE : The parametrization of external momenta for the three planar double
boxes of the families Py, (left), P13 (middle) and P,z (right) contributing to pair
production at the LHC. All external momenta are incoming.

apy / —P12s
p1 /

\ Pis — TPz Pi23 — Tp12 / \ —Pis P2

FIGURE : The parametrization of external momenta for the three non-planar
double boxes of the families Ny, (left), Ny3 (middle) and N4 (right) contributing
to pair production at the LHC. All external momenta are incoming.

p

Py / —pizs

\ Pi2s — TPz

p2

D)
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Triangle rule:

Tpy

—P12

P12 —¥p1

FIGURE : Required parametrization for off mass-shell triangles after possible
pinching of internal line(s).

more details — talk by C. Wever

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 29 / 39



TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Planar topologies

d¥k d?k 1
G:;l-z--ag(x,sw €) = e2EC / P d/lz P d/22 2a
im@/2 w24 (ke + xp1)22 (K + xp12)?%3 (k1 + p123)?%
1
X
5 )
Ky (ky — xp1)?%6 (kp — xp12)277 (kp — p123)?8 (k1 + k2)?20
d dk 1
GPl1'3”39 Cosie) o= EC / i d/12 i d/22 %2
i@/ im a2 4T (kg + xp1)222 (kg + xp12)?3 (k1 + p123)?%
1
X
5 )
ko™ (ke — xp1)?26 (k2 — p12)?77 (ko — p123)78 (ky + k2)?9
d¥q d?k 1
GP2,3,, (x,s,€) = e2VE® ! 2
a1 a9 ixd/2 jpd/2 231 2a, 22, 23
(LS ATl kT (ka + xp1)2®2 (ko + p123 — xp2)°®3 (k1 + p123)°%4
1

5 ;
Ky (ky — p1)2%6 (ka + xp2 — p123)%%7 (ko — P123)2%8 (k1 + k2)?%

Radcor-Loopfest, LA, 2015
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Planar topologies

Pip : {010000011, 001010001, 001000011, 100000011, 101010010, 101010100, 101000110, 010010101,
101000011, 101000012, 100000111, 100000112, 001010011, 001010012, 010000111, 010010011,
101010110, 111000011, 101000111, 101010011, 011010011, 011010012, 110000111, 110000112,

010010111, 010010112, 111010011, 111000111, 111010111, 111m10111, 11101m111},

P13 : {000110001, 001000011, 001010001, 001101010, 001110010, 010000011, 010101010, 010110010,
001001011, 001010011, 001010012, 001011011, 001101001, 001101011, 001110001, 001110002,
001110011, 001111001, 001111011, 001211001, 010010011, 010110001, 010110011, 011010011,

011010021, 011110001, 011110011, 011111011, m11111011},

Py3 : {001010001, 001010011, 010000011, 010000101, 010010011, 010010101, 010010111, 011000011,
011010001, 011010010, 011010011, 011010012, 011010100, 011010101, 011010111, 011020011,
012010011, 021010011, 100000011, 101000011, 101010010, 101010011, 101010100, 110000111,

111000011, 111010011, 111010111, 111m10111}.

Costas. G.

Radcor-Loopfest, LA, 2015
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Non-planar topologies

dk dk 1
GMz, (x,s,€) = e?VE® 1 2
21039 ixd/2 jpd/2 231 2 2 2
LSl kT (ke + xp1) 72 (ke + xp12)293 (k. + p123) 4
1
X
5 ;
Ky (ky — xp1)2%6 (ky — p123) 77 (ki + ko + xp2)2%8 (ky + k2)?%
d d
" dk d9ky 1
Colag(xisi€) o= e / ind/2 ipd/2 231 2 2 2
LSl kT (K + xp1) 272 (k4 xp12)°3 (k1 + p123)“%4
1
X
5 ;
Ky (ky — xp12)2% (ky — p123)%°7 (k1 + ko + xp1)?%8 (ky + kp)?%
d d
" ) dlk dk 1
N I e - = -
JoAmEEE TS kT (k4 xp1)*%2 (kg + xp12)93 (ki + pro3)*
1

2ag

K57 (ky — xp1)?36 (ko — p123)%7 (ki + ko + xp1a — P123)>%8 (ki + kp)?2

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Non-planar topologies

Nio :

N3g :

{100001010, 000110010, 000110001, 000101010, 000101001, 101010010, 100110010, 100101020,

100101010, 100101001, 001110010, 001110002, 001110001, 001101001, 101110020, 101110010,

101101002, 101101001, 100111020, 100111010, 100102011, 100101011, 001120011, 001111002,

001111001, 001110011, 000111011, 101011011, 100111011, 1m0111011, 001111011, 0m1111011,
101111011, 1m1111011, Im1111m11},

{010000110, 000110010, 001000101, 001000110, 001010001, 010110100, 001110100, 001010102,
001110002, 000110110, 001010101, 001010110, 001100110, 001110001, 001110010, 010100110,
010110101, 002010111, 001120011, 001210110, 011010102, 001110120, 001010111, 001110210,
001110011, 001110101, 001110110, 002110110, 011000111, 011010101, 011100110, 011110001,
011110110, m11010111, 010110111, m01110111, 0m1110111, 00111m111, 001110111, 011010111,
011110101, 011110111, m11110111},
{001001010, 001010010, 010010010, 100000110, 100010010, 000010111, 010010110, 001010102,
001010101, 010010101, 001020011, 010000111, 001010011, 010010011, 101010020, 101010010,
101010100, 101000011, 110010120, 110010110, 010010112, 010010121, 010010111, 010020111,
020010111, 011010102, 001010111, 011010101, 110000211, 011020011, 110000111, 011010011,
111000101, 111010010, 101010101, 101010011, 111010110, 111010101, 101010111, 11m010111,
110m10111,11001m111, 110010111, m11010111, 011m10111, 01101m111, 011010111, 111000111,
111010011, 111010111, 111m10111}.

Radcor-Loopfest, LA, 2015
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

GP-indices
q s q 3 3 s12
I(Plz):{oﬁliiaia ,1—f,1+f,7},
s12 9 q—s23 q s12 s12 + 3
q si2+s3 q q(q — 523)
I(Pu):{0,1,—,7,—,57,@,27 :
s12 s12 q— 3 g% — (g + s12)s23
q 523 q q q — 523
,(P23):{0,1,7,1+7, ; , },
s12 S12 9 — %3 S12 + 523 s12
€y = gs12 = V/gs12523(—q + s12 + 523)
qs12 — s12523
I(N12) = I(Py3),
2 2
512 s12 +53 g7 —qs23 — 512523 5o + gs23 + s12523
I(N3g) = I(P12) U I(P3) U { , , ;
q— 53 q s12(q — s23) s12(s12 + 523)

q q
I(N13) = I(Pa3) U {57,5+, 1+ —+ 7} .
s12 —q+s23
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TWO—LOOP, FOUR-POINT, TWO OFF-SHELL LEGS

Example

P13 ( B As(€) -1 1 q q
1111111X56)* — + — =GP | —;x )+ 2GP 'Y
OI1101LE = X2s1a(—q + x(q — 23))? L2e* & s12 q— 3
il ) —36GP ( g ;x)
q—s3

+2 GP(0; x) — GP(1; x) + log (—s12) + 2) + — ) (18 GP (
12

G,

—scP(o,i;x)+1ﬁcP< ) sc;P( +1, 2 :x)+---)
s12 723 S12 q — 523

1

4= (9 (GP (o,i;x> 1 6P, 1; x)) (G (0 0, L x> + GP(0,0, 1;x)) +)
€ 512

(GP (0,0,1,6_:x) + GP(0,0,1, £4:x)) —2GP( 0,0, — zq(q7523) )b
q—s3 % —s3(9+s12)

G (1 — €)3r(L + 2¢)
Al = e T g

C. G. Papadopoulos, D. Tommasini and C. Wever, arXiv:1409.6114 [hep-ph]

35 /39

Radcor-Loopfest, LA, 2015

Costas. G. Papadopoulos



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

Summary & Outlook J

@ One-loop up to 5-point at order e: 6 scales, GP-weight 3(4) (look
forward for pentaboxes)
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@ One-loop up to 5-point at order e: 6 scales, GP-weight 3(4) (look
forward for pentaboxes)

e Two-loop triangles and 4-point Ml
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

Summary & Outlook J

@ One-loop up to 5-point at order e: 6 scales, GP-weight 3(4) (look
forward for pentaboxes)

e Two-loop triangles and 4-point Ml

@ Double boxes with two external off-shell legs (more than 100 MI) —
P12 P13 P23 N12 N13 N34 topologies completed and tested!
e Completing the list of all Ml with arbitrary off-shell legs (m = 0).
— Talk by Tancredi

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 36 / 39



THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

Summary & Outlook J

o Get DE in one parameter, that always go to the argument of GPs, all
weights being independent of x, therefore no limitation on the
number of scales (multi-leg).
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

Summary & Outlook J

o Get DE in one parameter, that always go to the argument of GPs, all
weights being independent of x, therefore no limitation on the
number of scales (multi-leg).

e Boundary conditions, namely the x — 0 limit, extracted from the DE
itself

@ All coupled systems of DE (up to fivefold) satisfying the " decoupling
criterion”, i.e. solvable order by order in €

Costas. G. Papadopoulos Radcor-Loopfest, LA, 2015 37 /39



NNLO IN THE FUTURE

o The NNLO automation to come
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NNLO IN THE FUTURE

@ The NNLO automation to come
o In a few years the new "wish list” should be completed
pp — tt, pp = WTW~=, pp = W/Z +nj, pp = H+nj, ...

e Virtual amplitudes: Reduction at the integrand level & IBP
— Master Integrals

o Virtual-Real & Real-Real

STRIPPER, M. Czakon, Phys. Lett. B 693 (2010) 259 [arXiv:1005.0274 [hep-ph]].

Gabor Somogyi, Zoltan Trocsanyi
D. Kosower, A. Gehrmann-De Ridder, T. Gehrmann, E. W. N. Glover
R. Boughezal, X. Liu and F. Petriello, Phys. Rev. D 91 (2015) 9, 094035 [arXiv:1504.02540 [hep-ph]].
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— Master Integrals

o Virtual-Real & Real-Real
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NNLO IN THE FUTURE

o The NNLO automation to come

o In a few years the new "wish list” should be completed
pp — tt, pp = WTW~=, pp = W/Z +nj, pp = H+nj, ...

e Virtual amplitudes: Reduction at the integrand level & IBP

— Master Integrals

o Virtual-Real & Real-Real
STRIPPER, M. Czakon, Phys. Lett. B 693 (2010) 259 [arXiv:1005.0274 [hep-ph]].
Gabor Somogyi, Zoltan Trocsanyi
D. Kosower, A. Gehrmann-De Ridder, T. Gehrmann, E. W. N. Glover

R. Boughezal, X. Liu and F. Petriello, Phys. Rev. D 91 (2015) 9, 094035 [arXiv:1504.02540 [hep-ph]].

o A HELAC-NNLO framework ?
e HELAC-LO: 1999
e HELAC-NLO: 2009
e HELAC-NNLO: ?
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NNLO IN THE FUTURE

NNLO: the next frontier.

These are the voyages at Radcor-Loopfest conferences.
Its five-year mission:

to explore strange new subtraction schemes,

to seek out new methods to calculate Master Integrals
and new tools to perform Integrand Reduction,

to boldly go where no man has gone before.

Thanks !
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