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(2) Fast Optimization Algorithms for L1 Related Problems
(Including Total Variation)
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(4) Level Set Methods
S.O., J.A. Sethian (1987)



1L
0L

Old idea (Galileo?!!)

fAuuu   such that    ||minarg 1

NRu   


 fAu

minimization minimization

BALL


Intersection on an axis with probability = 1 sparse!
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Intersects off axes with probability = 1 nonsparse!
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• Compressed sensing techniques constructs 
high resolution images from a small number 
of measurements

• If done properly, then the image constructed 
from the small data set is exactly equivalent 
to the original image constructed from the 
large data set. 
– T. Tao, E. Candes, and D.L. Donoho
– For this to work, the data must be acquired in a 

different “basis” than the underlying image

Compressed Sensing (CS)



CS MRI

∏ In MRI, we do not directly acquire images, we 
acquire “K‐Space” data
‐‐ The actual image is reconstructed by taking the Fourier 
transform of the K‐Space data

∏ With CS, we can reconstruct a high‐quality/high‐
resolution image from a fraction of the K‐space data

‐‐ This allows image acquisition to be done 3‐5 times 
faster 



Work being done at UCLA
• CS allows high resolution images to be acquired 

much faster than conventional techniques
• Drawback:  It is very difficult to compute the image 

reconstructions
• At UCLA, we develop new algorithms, such as the 

“Split Bregman Method” that allow these images to 
be reconstructed quickly (less than 1 second per 
image)

• Our techniques also allow CS to be done using “TV 
regularization” – an idea pioneered in Los Angeles 
that yields results superior to other CS methods



A simulated Example 
(artificial data)

Original Image

(Full K-Space)

Conventional 
Reconstruction 
using 25%  of 
K-space data

CS 
reconstruction 
using Wavelet 
Basis

CS - Split 
Bregman 
method using 
only 25% of 
K-Space data



An Example using a real MR 
image (a phantom)

Original Image

(Full K-Space)

Conventional Fast 
Acquisition Method

(30% OF k-Space 
data)

10 iterations of 
Split Bregman 
Method

20 iterations of 
Split Bregman 
Method

30 iterations of 
Split Bregman 
Method

Final 
reconstruction 
using only 30% 
of K-Space data



Comparison of CS to 
conventional techniques

• Both images below were acquired using only 35% of K-Space 
data

• Image on the left was reconstructed using a conventional 
technique (fill all unknown K-Space data with zeros)

• Image on right was reconstructed using Compressed Sensing



Conclusion
• CS is a technique that allows MR 

images to be reconstructed from small 
amounts of K-Space data without 
sacrificing resolution or quality

• Using this technique, MRI acquisition 
can be sped up to 3-5 times the speed 
of conventional techniques that use full 
K-Space acquisitions



With Wotao Yin 





















































Note: Second equation above is NOT  )( 111   kTkk AubAuv













L1 Based Bregman Iteration Forgives & Forgets Errors

Stan Osher & Wotao Yin

We are solving
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We are sloppy, making numerous errors.

But at the kth step:



we arrive at 
ku such that 

(1) The subgradient    .  somefor    ggAup T
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(2) There is a vector        having the property that   
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Then              solves   
1ku fAuuuk   such that    minarg
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We have finished the iterative procedure!



Note                            for this       means, for every component      0,* kJ uuD J )(iu

       0sign **  iuiuiu k

If                      then            has the same sign as        ,0* iu  iuk  iu*

That’s all that’s needed!!

Similar results for BV.

However, for strictly convex    uJ

  kuuuuD  ** 0,

Not interesting!



Proof

  fAuuuDu kk  2
1,minarg1

we know   0  ,0, 2  fAuuuD k and they are both zero for  *uu 

Therefore, the            from Bregman satisfies    1ku fAuk 1

Also, let      satisfy                    Then:  u .fAu 
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Minimizing for  ݑ ߝ ܴ,   ݑ ଵ such that  ݑܣ ൌ ݂

ൈܣ m < n

get sparse solutions.
Also, penalized problem, for  ߤ  0

min ଵ
ఓ
ݑ ଵ + 

ଵ
ଶ
ݑܣ െ ݂ 	ଶ

ଶ

get sparser than just least squares.

Sparsity increases as  ߤ	 ↓ 	0.

Now: Suppose we think about calculus of variations type
problems in physics?



Think continuously

e.g.  Let  ݑ, ݂: ܴଵ → ܴ, ଵܪ	ߝ	ݑ	

ଶܮ	ߝ	݂
Toy problem

min
௨

1
2
න ௫ݑ ଶ െ න݂ݑ 

1
ߤ
න ݑ

ߤ > 0
Leads to

௫௫ݑ = ‐f + 
ଵ
ఓ
ሻݑሺ	

ሻݑሺ is a subgradient of   u,  i.e. for any  u

ݒ ଵ 	െ	 ݑ ଵ ‐ 	ݒ െ ,ݑ ሻݑሺ  0

Or   ݒ ଵ  ,ݒ ሻݑሺ



The addition of the ܮଵ term shrinks the support of  u, support 
decreases with  ߤ	 ↓

Similarly for the “heat equation”

௧ݑ ‐ ௫௫ݑ = f ‐
ଵ
ఓ
p(u)

which is gradient descent on the toy problem.



This was noticed (in some generality) by H. Brezis [1974] and 
H. Brezis and A. Friedman [1976].
Generalized a bit recently by R. Caflisch, S.O., H. Schaeffer 
and G. Tran.
An easy intuitive explanation of the shrinking support for the 
elliptic equation:

Suppose u(x) > 0  in an interval  ݔ  	ݔ  ାଵݔ with 
uሺݔ) = u(ݔାଵ) = 0. Then   ݑ ൌ 1		in	this	interval.	
We have

ଶݔ ‐ ଵݔ ௫ݑሺߤ = ଶݔ െ ௫ݑ ଵݔ ሻ ߤ +  ݂ ݏ ௫మݏݑ
௫భ

ଶݔ ‐ ଵݔ  ߤ  ݂ ݏ ௫మݏ݀
௫భ

which diminishes with  m.

Similarly for intervals in which ݑ ݔ ൏ 0.



This concept is very useful in obtaining spatially localized 
solutions to a class of problems in mathematical physics, 
such as finding compactly supported approximations to 
eigenfunctions of the Schrodinger equation.



Joint work: V. Ozolins, R. Lai, R. Caflisch, S.O., F. Barekat and 
K. Yin.

Motivated by localized Wannier functions developed in solid 
state physics and quantum chemistry.

Consider the Hamiltonian

= ‐ଵܪ
ଶ
∆  ܸ ݔ , e. values		ߣଵ ൏ 	 …ଶߣ

Ground state energy for a finite system with  N  electrons

ܧ = ∑ ேߣ
ୀଵ



This is obtained by solving the variational problem

ܧ ൌ ∑ ߮, ߮ܪ 		such	that	ே
ୀଵ ߮, ߮ ߜ =

Get densely supported  ߮

We want short‐ranged interaction.



Wannier functions (1937) involve a subspace rotation of the  
߮ (unitary transformation).  Usually cut off by hand to get 
compact support.

We just replace the variational problem by adding an ܮଵ
regularization:

ܧ ൌ min
టభ,టమ,…,టಿ

	
1
ߤ ߰ ଵ

 ߰, ߰ܪ

ே

ୀଵ

such	that		 ߰, ߰ ൌ ߜ	



This can be solved by split Bregman with an extra step of 
projecting onto the constraint set (R. Lai & S.O., (2012)). 
Nonconvex, but works (Faster with “more ܮଵ” added).  Get 
localized modes.
Proven
(1)  These “compressed modes” have compact support 
in ܴௗ. There exists  ߤ depending on ܰ, ݀	and  ܸ ஶ

sup߰  ଶௗߤܥ ସାௗ⁄ for  i = 1,…,N.

(2)  As 	ߤ ↑ ∞,	 i.e. the ܮଵ term diminishes to  0 the compressed 
modes converge in  ܮଶ to a unitary transformation of 
eigenfunctions of the original Hamiltonian.

(3)  The sub‐eigenspace spanned by the first M eigenfunctions
can be approximated by the first  N  compressed modes as  N 
increases (with improvable accuracy) for any fixed  ߤ.

for 0 ൏ ߤ ൏ ߤ



Shift Invariance:

Wannier Function Based Variational Formalism for 
Electronic Structure Calculations
V. Ozolins, F. Barekat, R. Lai, K. Yin, S.O. & R. Caflisch

Wannier functions

Unitary transformations of eigenstates of the Hamiltonian

Subject to constraint of orthogonality to all their 
translations by lattice vectors, shift orthogonality. Usually 
they are localized after first going through the construction 
by first calculating the eigenstates. The localization is 
problematic.

We will use ܮଵ regularization in a very fast algorithm to 
obtain localized approximations directly.



3D Lattice

ܴఈ ߙ ൌ 1,2,3

any point on the lattice

ܴ ൌ݊ఈܴఈ

ଷ

ఈ

Reciprocal lattice

ܳఈܴ ൌ ఈߜ2ܶ

Supercell

,ఈܴఈܮ ఈܮ positive integers



Periodic B.C. on supercell

߰ ݔ ൌ ߰ሺݔ  ܴ௦), wave functions ߰

ܴ௦ ൌ݊ఈܮఈܴఈ, ∀݊ఈ	ߝ	ܼ
ఈ

Eigenfunctions ߰ are in general not lattice periodic.

Reciprocal lattice vector 

ܩ ൌ Σ݉ఈܳఈ,݉ఈ	ߝ	ܼ

݁ீோ ൌ 1			∀ܴ

Fourier expansion of  ߰ contains only plane waves with 
wave vectors  k + G.
k  belongs to the first Brillouin zone.



i.e. first Voronoi cell in the reciprocal lattice, also called 
Wigner‐Seitz cell, WS, the volume is |WS|

Γ ൌ ܹܵ	ߝ	ܴ|ܴ

߰ ݔ ൌ ߰ሺ݇  ሻ݁ܩ ାீ ௫

ீ

߰ ݇  ܩ ൌ
1

|ܹܵ|
න ߰ሺݔሻ݁ି ାீ ௫݀ݔ
	

ௐௌ

Function is shift‐orthogonal iff

߰ ݔ െ ܴ′ , ߰ ݔ െ ܴ ൌ ߜ ܴ, ܴ′

for  ܴ, ܴᇱߝ Γ



Well known result

Supercell‐Periodic function

߰ ݔ is shift orthogonal

iff

Σ ߰ ݇  ܩ ଶ ൌ
1

|ܹܵ|ሺΓሻ		∀݇	ߝ	ܼܤ

|Γ| is the cardinality of set  G.  Also, if  ߰ ݔ ,߮ሺݔሻ supercell
periodic.

φ(x‐R′)ۧൌ ,(x‐R)߰ۦ 0		∀ܴ, ܴᇱߝ	Γ

iff

Σ ߰ ݇  ܩ ො߮ ݇  ܩ ൌ 0, ∀ ݇ ߝ ܼܤ



Simple to project.

Given  f, supercell periodic ݂ ݔ  ܴ௦ ൌ ݂ሺݔሻ

Find

Π݂ ൌ argmin
ట

݂ െ ߰ ଶ

such that  y is shift orthogonal.

Easy.   (Not unique)

in 1D

Compute  ܥ ൌ  መ݂ Σ ݇ ݉ܳ
ଶ
	

ே

ୀିே



If  ܥ ് 0 then

Π݂ ݇ ݉ܳ ൌ
መ݂ ݇ ݉ܳ
Γ ܹܵ ܥ

else (non unique)

Π݂ ݇ ݉ܳ ൌ any unit vector.

Now we use the split Bregman for orthogonal constrained 
problems SOC method, algorithm, very fast.



Algorithm for level‐k Wannier function

Input

:߰ܪ ; ݆ ൌ 1,… , ݇ െ 1 , ,ߣ ,ߛ ߤ
Output  ߰.

(1) Initialize: ݑ ݔ , ሻݔሺݒ norm, random
ܾ ݔ ൌ ܿ ݔ ൌ 0

(2) While not converged do:

3 	߰ ൌ argmin
ట

ሼ ߰ܪ,߰ 
ߣ
2 ߰ െ ݑ  ܾ 	ଶଶ


ߛ
2 ߰ െ ݒ  ܿ 	ଶଶሽ



4 ݑ				 ൌ Πటభ,టమ,…,టೖషభ(߰ + b) ô This is now fast!!

5 ݒ				 ൌ argmin
1
ݑ ݒ ଵ 

ߛ
2 ߮ െ ݒ  ܿ ଶ

ଶ

6 			ܾ ൌ ߰ െ ݑ  ܾ

7 			ܿ ൌ ߰ െ ݒ  ܿ

8 			Return			߰ሺݔሻ
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Figure : Compressed Wannier Functions at levels 1-8. � = � = 10

3
,

parameter for L

1
term µ = 10/

p
L (L = 8 is the length of the supercell).
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Figure : “Spaghetti plot”: Eigenvalue dispersion for bands 1-8 calculated

by exact diagonalization (continuous line) and by using the lowest 8

Wannier modes (filled circles).


