


INTRODUCTION	  
ì  Precision	  predic,ons	  for	  processes	  with	  more	  than	  2	  legs	  in	  the	  final	  state	  are	  of	  

unques,onable	  importance	  for	  the	  LHC	  physics	  

ì  With	  higher-‐order	  fixed-‐order	  calcula,ons	  not	  always	  feasible,	  resumma,on	  
methods	  offer	  systema,c	  improvements	  	  

ì  For	  the	  scaEering	  processes	  relevant	  at	  the	  LHC	  resummed	  predic,ons	  obtained	  
with	  standard	  (direct	  QCD)	  techniques	  predominantly	  applied	  to	  hard-‐scaEering	  
processes	  of	  at	  most	  	  2→2	  type	  	  

ì  Recently,	  progress	  in	  automa,za,on	  of	  resumma,on	  for	  processes	  which	  involve	  
up	  to	  5	  hard	  partons	  in	  the	  final	  state	  [Gerwick,	  Schumann,	  Höche,	  Marzani’15],	  based	  
on	  the	  	  CAESAR	  approach	  [Banfi,	  Salam,	  Zanderighi’02-‐10]→	  event	  shapes	  	  

ì  N-‐jet	  cross	  sec,ons	  resummed	  in	  SCET	  [Stewart,	  Tackmann,	  Waalewijn,	  Kelley,	  
Schwartz,	  Berger,	  Marcantonini,	  Liu,	  Mantry,	  Petriello,	  Alioli,	  Bauer,	  Berggren,	  Hornig,	  
Vermilion,	  Walsh,	  Zuberi,	  …]	  
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GENERAL	  FORMALISM	  

ì  Guideline:	  general	  formalism	  developed	  for	  2→2	  [Kidonakis,	  Oderda,	  Sterman’98],
[Laenen,	  Oderda,	  Sterman’98]	  
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Distance	  to	  produc,on	  threshold	  measured	  with	  dimensionless	  infra-‐red	  safe	  
weight	  w	  [Contopanagos,	  Laenen,	  Sterman’96]	  
	  

For	  2→2	  we	  have	  e.g.	  	  	  

PIM:	  pair-‐invariant	  mass	  kinema,cs	  

1PI:	  1-‐par,cle	  inclusive	  kinema,cs	  

wPIM =1− z =1−
M 2

ŝ

w1PI =
s4
ŝ
=
s+ t +u

ŝ
(for	  massless	  par,cles/jets	  in	  
the	  final	  state)	  
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Factoriza,on	  principle	  

σ̂ ab→kl = HIJ ⊗ Ea ⊗ Eb ⊗ SJI ⊗ Jk ⊗ Jl
realized	  via	  (valid	  near	  threshold)	  

W = waca +wbcb +ws +wk +wl

total	  weight	   individual	  weights	  for	  each	  of	  the	  
factorized	  func,ons,	  vanish	  at	  threshold	  

PIM:	  	  
	  
1PI:	  	   ca =

u
t +u

cb =
t

t +u

ca = cb =1

S	  

Jk	  

Jl	  

H	
 H*	
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Laplace	  transform:	   F(N ) = dω
0

∞

∫ e−Nω F(ω)

incoming	  collinear	  radia,on	  

outgoing	  	  collinear	  radia,on	  so\	  wide-‐angle	  emission	  	  

d�AB!kl

d⇧
=

X

a,b

Z
dxadxb fa/A(x

2
a, µ

2)fb/B(x
2
b , µ

2) ⌦ab!kl(w, ⇧̂, µ

2
, {m2})

⌦̃ab!kl(N,Q/µ, ...) = Hab!kl,IJ
 ̃a/a(caN,Q/µ, ...) ̃b/b(cbN,Q/µ, ...)

f̃a/a(caN,Q/µ, ...)f̃b/b(cbN,Q/µ, ...)

S̃ab!kl,JI(N,Q/µ, ...)Jk(N,Q/µ, ...)Jl(N,Q/µ, ...)

d�ab!kl

d⇧̂
= Hab!kl,IJ

Z
dwa dwb dws dwk dwl �(W � cawa � cbwb � ws � wk � wl)

 a/a(wa, Q/µ, . . . ) b/b(wb, Q/µ, . . . )Sab!kl,JI(ws, Q/µ, . . . )Jk(wk, Q/µ, . . . )Jl(wl, Q/µ, . . . )



GENERAL	  FORMALISM	  FOR	  2→3	  

ì  Factoriza,on	  principle	  holds	  for	  any	  number	  of	  jets/par,cles	  in	  the	  final	  state	  
[Kidonakis,	  Oderda,	  Sterman’98][Bonciani,	  Catani,	  Mangano,	  Nason’03]	  but	  adding	  one	  
more	  par,cle/jet	  requires	  adjus,ng	  for	  

ì  colour	  structure	  of	  the	  underlying	  hard	  scaEering,	  if	  more	  than	  three	  coloured	  
partons	  par,cipa,ng:	  affects	  hard	  H	  and	  so\	  S	  func,ons	  

	  

ì  more	  complicated	  kinema,cs:	  affects	  H,	  S	  (anomalous	  dimension)	  and	  the	  
arguments	  of	  incoming	  jet	  func,ons	  (coefficients	  ca,	  cb)	  
	  

RADCOR,	  16.06.15	  A.	  Kulesza,	  Threshold	  resumma:on	  for	  hadronic	  collision	  with	  3	  par:cles	  in	  the	  final	  state	  

→	  so\	  anomalous	  dimension	  



THRESHOLD	  AND	  KINEMATICS	  	  

ì  3-‐par,cle	  invariant	  mass	  kinema,cs	  

	  

ì  1-‐par,cle	  inclusive	  kinema,cs	  

ì  2-‐par,cle	  inclusive	  kinema,cs	  
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w =1−
p3 + p4 + p5( )2

ŝ →	  Invariant	  mass	  
	  	  	  	  	  of	  the	  final	  state	  

ca = cb =1

w =
p1 + p2 − p5( )2 − s34

ŝ
ca,b = ca,b s34, t15, t25( )

w =
p1 + p2 − p3 − p4( )2 −m2

5

ŝ
ca,b = ca,b s34, t13, t23, t14, t24( )

→	  pT,5	  ,	  y5	  

→pT,34	  ,	  y34,	  M34	  
	  	  



	  A	  FIRST	  STEP	  

ì  In	  principle,	  if	  the	  decomposi,on	  of	  the	  hard	  func,on	  into	  color	  channels	  known,	  all	  
ingredients	  to	  perform	  threshold	  resumma,on	  for	  a	  selected	  2→3	  observable	  
available	  

ì  Plenty	  of	  technicali,es	  →	  as	  a	  first	  step,	  focus	  on	  	  
ì  NLL	  resumma,on	  at	  absolute	  produc,on	  threshold	  	  

ì  final	  state	  with	  only	  2	  massive	  colored	  par,cles	  	  
ì  no	  final	  state	  jets	  	  

ì  color	  structure	  same	  as	  for	  the	  QQ	  produc,on	  
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ŝ→m3 +m4 +m5

w = β 2 =1− (m3 +m4 +m5 )
2

ŝ
pp→QQB

-‐	  



THRESHOLD	  RESUMMATION	  FOR	  	  
Q	  QBAR	  B	  
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Deltai∆(N)
i

∆(N)
ī

HIJ

SJI

�̂(res,N)

ab!klB=
X

I

�̂(0,N)

ab!klB,I Cij!klB,I�
(N+1)

a �(N+1)

b �(soft,N)

ab!klB,I

incoming	  jet	  
factors,	  known	  

so\-‐wide	  angle	  
emission	  hard	  func,on	  Hab	  →kl	  B,I	  	  

Colour	  space	  basis	  in	  which	  ΓIJ	  is	  
diagonal	  in	  the	  threshold	  limit	  

Dij!klB,I = lim
�!0

⇡

↵s
2Re(�̄II)

At	  NLL	  accuracy	  Cab	  →kl	  B,I	  	  =	  1	  	  	  

log�

(soft,N)

ab!klB,I =

Z
1

0

dz
zN�1 � 1

1� z
Dij!klB,I(↵s(Q

2

(1� z)2))



SOFT	  ANOMALOUS	  DIMENSION	  

ì  So\	  anomalous	  dimensions	  known	  at	  two	  loops	  for	  any	  number	  of	  masless/massive	  
legs	  [Mert-‐Aybat,	  Dixon,	  Sterman’06]	  [Becher,	  Neubert’09]	  [Mitov,	  Sterman,	  Sung’09-‐’10]	  
[Ferroglia,	  Neubert,	  Pecjak,	  Yang’09]	  [Beneke,	  Falgari,	  Schwinn’09],	  [Czakon,	  Mitov,	  
Sterman’09]	  [Kidonakis’10]	  	  

ì  For	  NLL	  need	  only	  1-‐loop	  

	  

ì  N.B.	  color	  structure	  also	  known	  explicitly	  for	  2→3	  [Sjödahl’08]	  	  
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ANOMALOUS	  DIMENSION	  
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�qq̄!klB =
↵s
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� CF (L�,kl + 1) CF

CA
⌦3

2⌦3
1
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⌘

�kl =

q
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skl
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1
2

�
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�
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1
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�
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�
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⌦3 = (T1(mk) + T2(ml)� U1(ml)� U2(mk))/2

t1 = (pi � pk)2 t2 = (pj � pl)2

u1 = (pi � pl)2 u2 = (pj � pk)2
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�
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1
2

�
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2/(m2ŝ))� 1 + i⇡
�
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⌦3 = (T1(mk) + T2(ml)� U1(ml)� U2(mk))/2

t1 = (pi � pk)2 t2 = (pj � pl)2

u1 = (pi � pl)2 u2 = (pj � pk)2

Reduces	  	  to	  the	  2-‐>2	  case	  in	  the	  limit	  pB	  →0,	  mB→0	  

Coefficients	  D(1)
ab	  →kl	  B,I	  	  governing	  	  	  so\	  emission	  same	  as	  for	  the	  	  QQbar	  process:	  

so\	  emission	  at	  the	  absolute	  threshold	  driven	  only	  by	  the	  color	  structure	  



APPLICATION:	  ASSOCIATED	  HIGGS	  
PRODUCTION	  WITH	  	  TTBAR	  PAIR	  
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ì  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  direct	  probe	  of	  the	  strength	  of	  the	  top-‐Yukawa	  coupling	  without	  
making	  any	  assump,ons	  regarding	  its	  nature	  

ì  NLO	  available	  since	  some	  ,me	  [Beenakker,	  Didmaier,	  Krämer,	  Plumper,	  Spira,	  Zerwas	  
’01-‐’02][Reina,	  Dawson’01][Reina,	  Dawson,	  Wackeroth’02]
[Dawson,Orr,Reina,Wackeroth’03]	  [Dawson,	  Jackson,	  Orr,	  Reina,	  Wackeroth’03]	  

ì  NLO	  interfaced	  to	  parton	  showers	  in	  aMC@NLO	  [Frederix,	  Frixione,	  Hirschi,	  Maltoni,	  
Pidau,	  Torrielli’11]and	  POWHEG-‐Box	  [Garzelli,	  Kardos,Papadopoulos,Trocsanyi’11]	  
[Hartanto,	  Jäger,Reina,	  Wackerothi’15]	  as	  well	  as	  SHERPA	  [Gleisberg,	  Höche,	  Krauss,	  
Schönherr,	  Schumann,	  Siegert,	  Winter]	  	  

ì  NLO	  EW	  correc,ons	  available	  [Frixione,	  Hirschi,	  Pagani,Shao,Zaro’14][Zhang,	  
Ma,Zhang,Chen,Guo’14]	  

ì  Top	  and	  Higgs	  decays:	  NLO	  QCD	  for	  W+	  W-‐	  	  b	  bbar	  H,	  studies	  of	  	  interference	  and	  
background	  processes	  [-‐>	  A.	  Denner’s	  talk]	  

	  

pp ! tt̄H



NLO	  IN	  THE	  THRESHOLD	  LIMIT	  
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	  [Beenakker,	  Didmaier,	  Krämer,	  Plumper,	  Spira,	  Zerwas	  ’02]	  

Scaling	  func,ons:	  	  
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Scaling	  func,ons:	  	  
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Drawback:	  σLO	  propor,onal	  to	  β4	  in	  the	  threshold	  limit	  (phase-‐space	  effect)	  
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RESULTS	  
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p
S [TeV] NLO [fb] NLL+NLO [fb] pdf uncertainty K-factor

8 131.4+3.6%
�9.0% 135.1+1.3%

�5.0%
+3.0%
�2.7% 1.028

13 506.3+5.7%
�9.3% 517.0+4.0%

�5.9%
+2.3%
�2.3% 1.021

14 610.9+6.5%
�9.1% 623.4+4.9%

�5.6%
+2.3%
�2.2% 1.020

[AK,	  Motyka,	  Stebel,	  Theeuwes,	  in	  progress]	  	   MMHT2014NLO	  

preliminary	  

NLO	  obtained	  with	  aMC@NLO	  [Alwall,	  Frederix,	  Frixione,	  Hirschi,	  Maltoni,	  Madelaer,	  Shao,	  
Stelzer,	  Torrielli,	  Zaro]	  

Scale	  uncertainty	  defined	  by	  varia,on	  between	  μ=μ0/2	  and	  μ=2μ0	  ,	  	  μ0=mt	  +	  mH/2	  	  
K-‐factor	  measures	  ra,o	  NLL+NLO	  to	  NLO	  	  



SCALE	  DEPENDENCE	  
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SUMMARY	  

ì  Applica,ons	  of	  threshold	  resumma,on	  techniques	  to	  the	  class	  of	  2-‐>3	  processes	  
lead	  to	  interes,ng	  phenomenology	  and	  improved	  precision	  of	  the	  predic,ons	  

ì  Current	  knowledge	  makes	  it	  feasible	  to	  develop	  such	  applica,ons	  of	  the	  standard	  
resumma,on	  approach	  at	  least	  at	  NLL	  accuracy	  

ì  First	  applica,on:	  threshold	  resummed	  predic,ons	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  total	  cross	  
sec,on	  show	  reduced	  scale	  dependence	  

RADCOR,	  16.06.15	  A.	  Kulesza,	  Threshold	  resumma:on	  for	  hadronic	  collision	  with	  3	  par:cles	  in	  the	  final	  state	  

pp ! tt̄H
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HIGHER	  ORDERS	  AT	  THRESHOLD	  
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Both	  types	  of	  correc,ons	  can	  be	  resummed	  to	  all	  orders	  

At	  higher	  orders:	  

€ 

~ α s
n log2n β( )

€ 

~ α s
n /β n

So\/collinear	  gluon	  emission	  
	  	  

Coulomb	  gluons	  

�⇤̂i
NLO � �s ⇤̂i

LO
⇥

A(i) log2(⇥2) + B(i) log(⇥2) + C(i) 1
⇥

+ D(i)

�

In	  analogy	  to	  top-‐pair	  produc,on	  
General	  structure	  of	  the	  NLO	  correc,on	  in	  the	  threshold	  limit	  

€ 

β → 0, β 2 =1− 4m2 / ˆ s 



RESUMMATION-‐IMPROVED	  NLL+NLO	  TOTAL	  
CROSS	  SECTION	  

ì  NLL	  resummed	  expression	  has	  to	  be	  matched	  with	  the	  full	  NLO	  result	  

ì  Inverse	  Mellin	  transform	  evaluated	  using	  a	  contour	  in	  the	  complex	  N	  space	  according	  
to	  'Minimal	  Prescrip,on’	  [Catani,	  Mangano,	  Nason	  Trentadue'96]	  

ì  NLO	  cross	  sec,ons	  evaluated	  with	  PROSPINO	  
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⌅(match)
h1h2⇥kl(⇤, {m2}, µ2) =

⇥

i,j=q,q̄,g

⇤ CMP +i⇤

CMP�i⇤

dN

2⇥i
⇤�N f (N+1)

i/h1
(µ2) f (N+1)

j/h2
(µ2)

⇥
⌅

⌅̂(res,N)
ij⇥kl ({m2}, µ2) � ⌅̂(res,N)

ij⇥kl ({m2}, µ2)
���

NLO

⇧

+ ⌅NLO
h1h2⇥kl(⇤, {m2}, µ2) ,
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